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Abstract

Traditionally machine learning has been focusing on the problem of solving a single
task in isolation. While being quite well understood, this approach disregards an
important aspect of human learning: when facing a new problem, humans are able to
exploit knowledge acquired from previously learned tasks. Intuitively, access to several
problems simultaneously or sequentially could also be advantageous for a machine
learning system, especially if these tasks are closely related. Indeed, results of many
empirical studies have provided justification for this intuition. However, theoretical

justifications of this idea are rather limited.

The focus of this thesis is to expand the understanding of potential benefits of in-
formation transfer between several related learning problems. We provide theoretical
analysis for three scenarios of multi-task learning - multiple kernel learning, sequential
learning and active task selection. We also provide a PAC-Bayesian perspective on
lifelong learning and investigate how the task generation process influences the gener-
alization guarantees in this scenario. In addition, we show how some of the obtained
theoretical results can be used to derive principled multi-task and lifelong learning

algorithms and illustrate their performance on various synthetic and real-world datasets.
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1 Introduction

It has been a long-standing goal in machine learning to develop intelligent agents that
would be able to persist in the world. Over the past decades significant progress has
been made in developing efficient solutions for many related challenging problems, in
particular in computer vision applications. Some of them even lead to super-human
performance [25]. However, in order to succeed these methods often need an access
to large amounts of annotated data. This is not a problem when the goal is to solve
a particular isolated learning problem, due to the emergence of large data collections
like ImageNet [79] with millions of images and hundreds of classes. However, it makes
the application of many of the current machine learning methods for building intelligent
systems doubtful, because it would require collecting extensive amounts of annotated

data for every task the system faces during its life.

In contrast, humans are known to be able to learn new concepts from just a few
examples. A plausible explanation of this gap is that machine learning problems are
typically considered in isolation, while humans are able to exploit knowledge they
acquired from previously learned tasks for solving new ones more efficiently. This
observation has motivated an alternative, transfer approach to machine learning. It is
based on the idea of transferring information between several related problems in order
to improve the overall performance, instead of building a new model from scratch for

every new learning task.

From the practical point of view, information transfer can be considered successful
whenever, given the same amount of information, i.e. training data, it leads to better test
performance than learning every task in isolation, as can be quantified by extensive

empirical comparisons on various datasets. However, in this work we mainly focus on



the theoretical analysis of transfer learning. In particular, we are interested in identifying
scenarios under which information transfer leads to provable reductions in the number

of annotated examples needed for every considered task for obtaining reliable solutions.

In this thesis we focus on two learning scenarios - multi-task and lifelong learning.
In the first case the learner is given a set of learning tasks simultaneously and its goal
is to perform well on all of them. The success of a multi-task method depends on how
the considered tasks are related and what information is transferred between them.
In Chapter (3| we discuss three types of information transfer, particularly focusing on
the use of linear predictors. In Section [3.1]we describe representation transfer that is
based on the assumption that the tasks share a beneficial, potentially low-dimensional
representation. In particular, we show that if such representation is given by a kernel
function in some fixed set of kernels, then it is possible to infer this kernel based on
the training data for several tasks. Moreover, under mild conditions on the kernel set,
the sample complexity overhead associated with learning a kernel vanishes as the
number of tasks increases and converges to the same sample complexity per task,
as if that beneficial kernel was given to the learner. These results were published in
the paper "Multi-task and Lifelong Learning of Kernels" with Shai Ben-David at ATL
2015 [70]. In Section 3.2 we consider parameter transfer approach that is based on the
idea that the model parameters for the tasks are close to each other. In particular, we
describe a theoretically justified method that is based on this assumption. This method
processes tasks sequentially by transferring information between subsequent tasks and
determines a beneficial task order based only on the training data for the given tasks.
This is a joint work with Viktoriia Sharmanska and Christoph Lampert and was published
in "Curriculum Learning of Multiple Tasks" at CVPR 2015 [74]. Finally, we also discuss

what can be done if not for all tasks any annotated data is available in Section 3.3)[73].

In Chapter [4] we focus on the second, lifelong learning scenario, when the learner
faces a stream of tasks and aims at extracting useful information from the observed
tasks in order to perform well in the future on new ones. For this form of information
transfer to make sense one has to make assumptions not only on the relatedness
between the tasks, but also on the way they are ordered. We start with analyzing
Baxter's model of lifelong learning [14], in which the tasks are assumed to be sampled

i.i.d. from some unknown distributions. First, we show how the results obtained for



multi-task learning of kernels (Section can be extended to lifelong learning. Then
in Section we describe a general PAC-Bayesian framework for lifelong learning
and show how parameter and representation transfer approaches can be obtained from
it. This is a joint work with Christoph Lampert published in "A PAC-Bayesian Bound for
Lifelong Learning" at ICML 2014 [71]. After that, in Section [4.1.2) we investigate whether
the i.i.d. assumption can be relaxed. First, we consider the case when the observed
tasks are identically, but not independently distributed and provide a generalization of
the PAC-Bayesian bound presented in Section [4.1.9] Next, we further relax the i.i.d.
assumption by allowing the distribution generating the tasks to change over time. We
show that in this case, under suitable assumptions, it is possible to learn a transfer
procedure that is able to cope with the changes in the task generating distribution.
This section is based on the joint work with Christoph Lampert, presented in "Lifelong
Learning with Non-i.i.d. Tasks" at NIPS 2015 [72]. We conclude by discussing what
can be done without any distributional assumptions on the tasks in Section These
results are presented in the joint work with Ruth Urner, "Lifelong Learning with Weighted
Majority Votes" at NIPS 2016 [75].



2 Background

The focus of this work is to examine potential benefits of multi-task and lifelong learning
compared to solving each task in isolation. To do so from the theoretical perspective
we will utilize tools from statistical learning theory and compare the results to those
established for solving a single task. Thus the purpose of this chapter is to provide
the main notation that will be used in the manuscript as well as an overview of PAC
(Probably Approximately Correct) [96] and PAC-Bayesian [62] theories that provide a
formalism to analyze and compare machine learning methods in a principled way. For

more details on this topic see [86), 166, [20].

2.1 Basic notions

Imagine we would like to write a spam filter - a computer program that, given an email,
predicts whether it is a spam or not. One could try to hard-code all possible features that
make an email a spam, but taking into account the amount of variation and ambiguity
in the data this approach will likely fail. Instead one could design a system that, given
a large corpora of emails that are spam and those that are not spam, would learn the

distinctions. This type of approaches is studied in machine learning.

To design such a system one needs to define how objects of interest are represented
to the computer. For example, one could represent emails as bag-of-words. This defines
the space X of all possible objects (emails) which we will refer to as input or feature
space. One also needs to specify what kind of predictions the system should make, i.e.

the set of possible labels ). For the a spam filter ) = {"spam", "not spam"}. Finally, in



order to quantify the quality of the predictions, we will employ the notion of loss function
¢:Y x Y —[0,1] that for every pair of labels (y, ') specifies a penalty for predicting y
instead of ¢'. In binary classification the typical choice is 0/1 loss: ¢(y,y') = [y # V']-

Now we can formally define the problem: given a training set S = {(x1,v1), .., (Tn,Yn)}
of object-label pairs a learning system needs to output a predictor or hypothesis
h : X — Y that maps objects to their labels. Of course, for a spam filter to be
useful it should make as few mistakes as possible in the future on potentially new, yet
unseen emails. However, for this to be possible the new, test instances should be
related to what the system was trained one. For example, if for training the system was
only given a collection of emails in English it is unreasonable to assume that it will be
able to correctly identify spam emails in French. This is formalized in statistical learning
theory through the notion of task D as a probability distribution over X’ x ). In particular,
it is assumed that the object-label pairs in the training set S are sampled i.i.d. from
some unknown task D and that the output of the learning system is tested on random
examples coming from the same distribution, which is formally captured by the notion of
expected error:

erp(h) = E [((h(x).y)], (2.1)

(may)ND

In this work we mostly focus on proper learning, where the learner is required to
output a hypothesis from a predefined hypothesis class H. In this case the goal of the
learner is to find a hypothesis with expected error close to the minimum value it can be,

which is called approximation error:

optp(H) := inf erp(h). (2.2)

1
heH

2.2 PAC learning

Since instead of the task distribution D the learner is given only a finite set of annotated
examples S, it is not realistic to expect the learner to always find a good hypothesis.
Therefore, instead, we are interested in algorithms that output a hypothesis with small
expected error only with high probability. On top of that, the output of the learner is

only needed to be a good approximation of the best hypothesis in the class. These



requirements are formally captured by the following definition, which is due to [35]:

Definition 1. (Agnostic PAC learnability) A hypothesis class H is agnostic PAC learnable
if there exist a function ny : (0,1)> — N and a learning algorithm, such that for every
e,0 € (0,1), for every data distribution D over X x Y and every n > ny(e, ) with

probability at least 1 — ¢ over a training set S of size n:

erp(h) < optp(H) + e, (2.3)

where h € H is the hypothesis returned by the algorithm. The quantity ny (e, 0) is called

sample complexity of class H.

Learnability is closely related to the concept of uniform convergence.

Definition 2. (Uniform convergence) A hypothesis class # has the uniform convergence
property if there exists a function ny : (0,1)* — N such that for every ¢,6 € (0, 1), for
every data distribution D over X x ) and every n > ny(e,0) with probability at least

1 — 4 over a training set S of size n:

Vh € H |erp(h) — Gig(h)] < e, (2.4)

where éerg(h) denotes the empirical error:

If follows immediately from the above definitions that uniform convergence implies

learnability:

Vh € H :erp(hg) < étg(hg) +€ < étg(h) + € <erp(h) + 2, (2.6)

where hg € argmin,cy érg(h) is the empirical risk minimizer (ERM). Moreover, in the
case of binary classification, Y = {—1, 1}, with 0/1 loss, ¢(y,y') = [y # ¢'], these two

conditions are equivalent (Theorem 6.7 in [86]).



The uniform convergence property provides a way of proving learnability using
techniques from probability theory. For a fixed hypothesis h the deviation between the
expected error erp(h) and its empirical counterpart érs(h) can be bounded with high
probability using concentration inequalities, like Hoeffding’s [38]. However, in order to
obtain a uniform convergence result one has to take into account the capacity of the
hypothesis set H. If H is finite, the number of its elements is a natural choice. However,
even some of infinetly large hypothesis sets have the uniform convergence property. In

the case of binary classification they are exactly those with finite VC dimension [97]:

Definition 3. (VC dimension) The VC-dimension of a binary hypothesis class H, de-
noted by VC(H), is the maximal size of a set C' C & such that the restriction of # to C

is a set of all possible 2/°/ functions from C to {—1,1}.

VC-dimension of a hypothesis class determines the number of samples needed to

guarantee low estimation error:

Theorem 1 (Corollary 3.4 in [66]). Let H be a family of functions taking values in {—1,1}
with a finite VC-dimension and ¢ be the 0/1 loss. Let S be a set of n training examples
sampled i.i.d. from an unknown distribution D over X x {—1,1}. Then for any 6 > 0 the

following holds with probability at least 1 — 6 over the training set S for all h € H.:

2VC(H)log(en/ VC(H)) | \/10g(1/5), (2.7)

n 2n

erp(h) <eéts(h) + \/

This result shows that the sample complexity of learning can be upper bounded by
O (W) However, a better bound of form O (M) can be obtained

in the realizable case, when opt,(H) = 0:

Theorem 2 (Corollaries 5.2 and 5.3 in [20])). Let H be a class of binary functions with a
finite VC-dimension and ¢ be the 0/1 loss. There exists a constant C, such that for any

0 € (0,1) and any learning task D with probability at least 1 — ¢ over a training set S of

"We use O to hide some of the logarithmic factors.



size n, sampled i.i.d. from D:

erp(hs) < étg(hs) +v/ers(hs) - A+ A, (2.8)
éi”s(hs) S eID(hs) + \/ eI‘D(hs) <A + A, (29)
erp(hg) < optp(H) + optp(H) - A+ A, (2.10)

where hg € arg min,cy érg(h) is an empirical risk minimizer and

A CVC(H) log(n) + log(l/é). 2.11)

n

Theorems [1]and [2| show that whenever the VC-dimension of a hypothesis class is
small, an empirical risk minimizer is guaranteed to work well. However, requiring a small
VC-dimension seriously limits the approximation properties of the class. In particular, it
may lead to large opt (7). A possible way to overcome this problem is to modify the

functional to be minimized based on the training data.

Consider the class of linear classifiers:
H = {hy : x> sign((w,z)) | w e R, |Jw| < 1}. (2.12)

Note that the constraint on the norm of the weight vector w does not influence the
capacity of the hypothesis class, because only the sign of the output is used for making
predictions. The VC-dimension of this class is d and therefore the sample complexity of
ERM is O(d/€?), which can be problematic for high-dimensional problems. However, if
instead of searching for a hypothesis that just makes few mistakes on the training set,
the learner would prefer classifiers that also produce confident predictions, the sample

complexity can be reduced. This idea is captured by the notion of margin error:
ery(hy) = E D[[y(w,x> <] (2.13)

Note that erp(h) < er},(h) for every v > 0. The following theorem provides a bound on
the sample complexity of minimizing the margin loss (a similar bound in the opposite

direction of the same form can also be obtained):



Theorem 3 (Corollary 4.1 in [66]). Let H be a set of linear predictors and assume that
X C {z € R*: ||z|| < B}Y. Fix~y > 0. Then for any § > 0 with probability at least 1 — ¢ the
following holds for any h., € H.:

erp(hw) < 6% (hy) +2,/£—2+ \/W, (2.14)

where ¢t} is the empirical margin loss:

() = = st ) < (2.15)

The most important property of the above bound is that it does not depend on the
dimensionality d. In particular, it holds even for infinitely dimensional spaces. This
may seem to contradict the fact that infinitely dimensional linear predictors have infinite
VC-dimension and therefore are not learnable. However, this is not the case because
Theorem [3|is meaningful only if there exists a predictor with low margin error, which is a
significantly stronger requirement than that of having a small expected error with 0/1

loss.

Theorem (3 suggests that one could enrich the expressive power of linear predictors
by first mapping the data into a high dimensional space and then learn a halfspace

there. This idea motivates more general kernel approaches.

Definition 4. (Kernel function) A function K : X x X — R is called a kernel, if there
exist a Hilbert space F and a mapping ¢ : X — F with inner product (-, -) such that
K(z,2") = (¢(z),p(2")) forall z,2’ € X.

A kernel function allows treating potentially non-linear predictors on X" as linear, only

in a different space F":
Hi = {hy : x — sign({(w, ¢(2))) | [|Jw]lx < 1} (2.16)

Moreover, many learning algorithms for halfspaces can be performed only based on the

values of the kernel function for pairs of training examples, so there is no need to specify
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the mapping ¢ explicitly. In addition, it makes them more computationally tractable than

performing a straightforward empirical risk minimization.

Theorem [3|applies to H - with just a modification of B? = sup, .+ K (, z).

2.3 PAC-Bayesian learning

In contrast to PAC learning that deals with deterministic predictors, PAC-Bayesian theory
analyses randomized, Gibbs predictors. Given a distribution () over the hypothesis set
‘H, the corresponding Gibbs predictor for every input x € X samples a hypothesis i
according to @ and returns its prediction h(zx). Its expected error on a task D can then

be written as:

ern(@) = E E ((h(x).y) 2.17)

and its empirical counter-part computed based on a training set
S={(@1m), -, (@, yn)} i80

eArs(Q) = E —4 g(h(aji)ayi)' (2.18)

PAC-Bayesian bounds allow us to relate these two quantities and also explicitly
incorporate prior knowledge in a form of some prior distribution P over the hypothesis
set H. There are many ways of proving PAC-Bayesian bounds that lead to slightly
different results [22, 84]. In this work we will concentrate of the following, probably the

simplest form:

Theorem 4. Let ¢ be a loss functions that takes values in [0,1] and P be any prior
distribution over the hypothesis set H that should be selected before seeing the training
data. Then for any 6 > 0 with probability at least 1 — § over a training set S of size n for

all distributions Q over H the following holds:

ero(Q) < Q) + - (KL(QHP) #1410 %) , 2.19)
where
KL(@Q|IP) = E In % (2.20)
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is the Kullback-Leibler divergence.

Proof. The main ingredient of PAC-Bayesian bounds is the following inequality [28] that
holds for any A\ > 0:

1
]E _
hNQg(h) 3

(KL(QHP) +log B et >) (2.21)
By applying the above inequality to g(h) = n(erp(h) — érg(h)) we obtain:

nern(Q) — @s(Q)) < y (KL(Q|IP) +log E eMera=ast) (2 .29)

>/I>—‘

Note that: )
M) =TT exp(Merp(h) — €(h(z:), y:))). (2.23)

Since for any fixed h € H the factors are independent, by applying Hoeffding’s lemma
one obtains that:

Sil%n M) < 75 (2.24)

Using the fact that the prior P does not depend on the training data S we get that:

E M0 < 5 (2.25)

S~D" h~P -
Therefore, by Markov’s inequality with probability at least 1 — 4:

2
S < AL 100 (1/5). (2.26)

lIE
og e g

By choosing A\ = 1/4/n we obtain the statement of the theorem. O

In terms of technicality the above proof is much more basic than those needed for
proving bounds like Theorems[f]and[2l This is because randomized predictors allow
substituting the worst case analysis, i.e. union bounds employed in PAC analysis, and
the corresponding combinatorial arguments by the averages and Markov’s inequality.
Consequently, the above theorem does not involve any combinatorial measure of
capacity of the hypothesis set H. Instead, it contains the Kullback-Leibler divergence
between the prior and the posterior distributions, which makes it data-dependent. In

particular, it suggests that in order to guarantee a small upper bound on the expected
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loss one should try to search for a posterior distribution that leads to small empirical
error, but at the same time is not significantly different from the prior, which is captured
by KL divergence and can be seen as some form of regularization. Consequently,
the minimization of the right hand side of does not lead to just empirical risk
minimization, as it is for PAC bounds, but allows to develop other algorithms that can
also take into account the prior knowledge about the problem. And the fact that the
bound holds uniformly for all posterior distributions means that its guarantee will also

hold for the one minimizing its right hand side.

On the other hand, the guarantees provided by Theorem {4|are for Gibbs predictors,
which are rarely used in practice. However, there are situations when equation
can be converted into one about standard, deterministic predictors. In particular, in
case of binary classification with 0/1 loss, the expected error of a majority vote classifier,
corresponding to a distribution @, is at most twice erp(Q) [63, 51]:

E ﬂsign (hE h@:)) £ yﬂ < 2erp(Q). (2.27)

(z,y)~D ~

This is because, for a fixed point (z,y), the majority will make a mistake on it if and
only if at least a half of the predictors, with respect to distribution @, are also giving an

incorrect prediction on it, in which case E;q[h(z) # y] > 0.5.

A concrete form of an objective function provided by the right hand side of
depends on the choice of the hypothesis set H and a form of prior and posterior
distributions. The best understood case are linear predictors and Gaussian distributions.
In particular, let P = N(wp, I;) and Q = N (wq, I,), i.e. Gaussian distributions with unit
variance that differ only by the value of their means. First, one has to compute the

empirical error of a Gibbs classifier. For this choice of posterior distributions it is [33, 50]:

(@) =+ Z o (Hresl) (2.28)
where
B(z) = % (1 —erf (%)) (2.29)
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and
erf(z) = % /O . (2.30)

The Kullback-Leibler divergence between N (wp, ;) and N (wq, 1,) is simply M
Lastly, note that the majority vote classifier associated with NV (wg, 1,) is identical to the
one given by its mean, i.e. wg. Therefore the bound (2.19) leads to the following result

for linear predictors:

1 L - (wilwg.@) | llwe —wel?  log1/6+1/8
— < —E . 2.31
2“”(%)‘””@( el )" 2w T m (&3

Now we can see that if we set wp to be the zero vector, we obtain an objective function

similar to one used in Support Vector Machines (SVM).
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3 Multi-task Learning

In multi-task learning [21), 2] a learner is given a collection Dy, ..., Dy of T prediction
tasks that need to be solved. As most of the previous works, we will assume that all of
them are defined on the same domain X x ), however, there were some attempts to
generalize multi-task learning to heterogeneous representations [100]. For each task D;
the learner is given a training set of i.i.d. annotated examples S; = {(z%,4}),..., (!, y})}.
We will also assume that the size of the training sets n is the same for all tasks. Given a
hypothesis set # and a loss function ¢ the goal of the learner is to identify a predictor i,

for every task D, such that the resulting average expected error is small:

erp(h) — % S e, (o), (3.1)

where D = (Dy,...,Dy)and h = (hy,..., hy).

Traditional machine learning algorithms can be applied to solve each of the given
tasks in isolation. However, the motivation behind the multi-task scenario is that by
solving all given tasks jointly and transferring information between them the learning
process can be made more efficient. The success of information transfer depends
on how the given tasks are related. Various assumptions have been exploited in the
multi-task literature, ranging from Bayesian approaches [10, 136], to learning shared
metrics for nearest neighbor classifiers [92], shared low-dimensional representations [6]
or joint regularization [32] for linear classification.

There are also numerous works aiming at demonstrating potential benefits of infor-
mation transfer from the theoretical perspective through sample complexity reductions.

One of the first and most general analysis of multi-task learning was performed by
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Baxter [13, [14]. Assuming that instead of considering a single hypothesis set H, the
learner is given a collection of hypothesis classes H, Baxter proved uniform convergence
bounds of the following form (Theorem 4 in [14]) for all h € H' = Uycu{(h4,...,hr) :
hi,...,hr € H}:

erp(h) < érg(h) + €, (3.2)
where

ro(h) = 23 e (hy) (3.3)

Cr's = T - €rg, \ Mt .

is an average empirical error evaluated on the collection of training sets S = {54, ..., Sr}.
Alternatively one could simply sum up individual uniform convergence bounds for T
tasks using the union bound argument and obtain a similar result, but for all h € H,, , =
{(h1,....hr): h1,... hp € UperH}:

erp(h) < érg(h) + €nq. (3.4)

On one hand, the second approach gives a more general statement, because considers
a larger hypothesis class: H? c H! ,. On the other hand, ¢;,q in decreases
only with n (as, for example, in Theorem , while ¢,,;, as shown in [14], under some
circumstances decreases with both n and 7" and can potentially be smaller. Therefore,
in general and are not comparable. However, if we assume that tasks are
related in a way that there exists H € H that works well for all 7" given tasks, i.e. the
empirical error on the right hand side of can be made as small as that in (3.4),
and the number of tasks 7' is large, Baxter’s result shows that the number of training
examples per task needed to achieve particular estimation error is smaller than that
given by considering every task in isolation, as in (3.4). This is one of the examples of
how relatedness between tasks may lead to provable sample complexity reductions in

comparison to solving each given task independently from the others.

Baxter’s analysis was later improved in [61] by using Rademacher complexities.
Similar results were also obtained in [18] under the assumption that the task distribu-
tions can be transformed one to another by applying transformation functions from a

predefined set of possible transformations.

In this chapter we will discuss some of the possible relatedness assumptions in more
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details, including representation transfer and hypothesis transfer, and illustrate potential

benefits of joint learning from both theoretical and experimental perspectives.

3.1 Representation transfer

One of the widely used assumptions on task relatedness is that there exists a common
representation that leads to low average approximation error for all tasks. In particular,
this assumption was explored in case where every task is solved using a sparse
combination of original features or their linear transformations [5, 16]. Assuming that
the sparsity pattern is shared across the given learning problems, the corresponding
methods aim at inferring it from the data for all tasks. In its simplest form, where only
sparse combinations of the original features are considered, it is achieved through

minimizing the following objective function:
é\rs<hw17"'vth) +/7||W||g,17 (35)

where h,, (x) = (w, x) are linear predictors and W is a matrix with columns given by
the weight vectors wy, ..., wy. First, the objective function favors linear predictors
that lead to small average empirical error (3.3). Moreover, the regularization term
W2, = (2, lwk[l2)*, where w* denotes the k-th row of matrix 1, enforces the weight
matrix W to have many rows equal to zero. Thus minimizing leads to linear

predictors that well perform on all tasks and share a common sparsity pattern.

These methods were further extended to be able to handle different levels of related-
ness between tasks [8], disjoint [7] or overlapping [47] groups of related tasks and
exploit known unrelated tasks [78]. A similar paradigm was also used in [1], where the
predictors for the tasks are assumed to lie on a low-dimensional manifold, rather than in
a linear subspace. Furthermore, it was extended to kernel methods, where the common
representation is assumed to be described by a kernel function and the corresponding
methods aim at discovering a suitable kernel [39, 40, 34,183, |76, [101].

The assumption of a common low-dimensional representation can be seen as a
particular case of Baxter's model where tasks share a good hypothesis space. Therefore

his analysis [13, [14] can be directly applied to this scenario. However, potential sample



17

complexity improvements provided by these results depend on the behavior of particular
types of covering numbers, which, due to generality of Baxter’'s results, is often not
easy to infer. This motivated a series of works analyzing specifically possible benefits
of inferring a low-dimensional representation from a group of tasks, either as a sparse
combination of initial features [58, 145) 53] or their linear transformations [55, 159, 60].
In this section we extend these results by providing an analysis for learning a common
kernel function for multiple tasks. There results have been published in the paper

"Multi-task and Lifelong Learning of Kernels" [70].

Multiple kernel learning for single-task problems has been studied theoretically using
various techniques. Cortes et al in [26] have analyzed the case of linear combinations of
finitely many kernels with ¢, constraints using Rademacher complexity. In particular, for
¢, constraint they have provided a bound of form O(y/log(k)/n), where k is the number
of base kernels and m is the size of the training set. This analysis was further improved
using local Rademacher complexities in [44]. We will instead employ the technique

from [89] that is based on the notion of pseudodimension:

Definition 5. The class K = {K : X x X — R} of kernels pseudo-shatters the set of n
pairs of points (z1,2}), ..., (x,, x,,), if there exist thresholds ¢4, ..., ¢, such that for any
bi,...,b, € {—1,+1} there exists a kernel K € K such that sign(K (z;, z}) — t;) = b;.
The pseudodimension d,(K) is the largest n such that there exists a set of n pairs

pseudo-shattered by K.

This technique leads to suboptimal dependence on the number of kernels in the case
of linear combinations: O(\/k/n) instead of O(y/log(k)/n) from [26]. However, it allows
us to obtain general results that hold for any kernel family with finite pseudodimension.

In particular, the following upper bounds on the pseudodimension were shown in [89]:

e convex or linear combinations of & kernels have d, < k;

k(k+1) .

e Gaussian families with learned covariance matrix in R* have dy < =5~;

e Gaussian families with learned low-rank covariance have d < krlog,(8ekr), where

r is the maximum rank of the covariance matrix.
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In order to analyze multiple kernel learning in the multi-task setting we will use the

following multi-task version of the margin loss:

§IH

T T n

N 1

erg(h) = T Zerst (h) = Z Z yih(xh) < ], (3.6)
t=1 =1 " i=1

where S = {S; ..., Sr} is the collection of training sets for all tasks. By employing the
same approach as in Theorem 3] we obtain the following uniform-convergence type of

bound:

Theorem 5 (Theorem 3 in [70]). Let D,,...,Dr be any T learning tasks, defined on
X x {—1,+1}, and K be any kernel family with finite pseudodimension, such that
K(z,z) < B? forany K € K and any x € X. Then, for any fixed v > 0 and any § > 0,
ifn > 2/¢*, then, with probability at least 1 — § over the training set S = {Si,...,Sr},
where S, ~ D} fort = 1,...,T, the following inequality holds for allh = (hy, ... ,hy) €
UrexHE = Ugex{(h1,...,hr): hy,...,hy € Hg}:

ergy(h) +¢ > &§(h) > erp(h) — ¢, (3.7)

T
2 1 2 1
erg =7 o) =7>, E lyh(x)<2]  and (3.8)

72dg(K)
n

\/ 2log2 logd | 1692 + ¢(’C) log 128¢T2nB2 | 256B log 222 log 128052 128nB
e=1/8

Analogously to the case of uniform convergence in PAC learning, the above result

leads to justification of the empirical risk minimization approach:

Corollary 1. Let h be a minimizer, over Uy HZ, of the empirical v-margin loss, érd(h).
Then for any h* € UgcxcHE (and in particular for a minimizer over of the true 2~-loss
erp (h)):

erD(ﬁ) < erd) (h*) + 2e.
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Proof. The result is implied by the following chain of inequalities:
erp(h) — e <; é@g(h) <, &% (h*) <3 er(h*) + ¢

where (<;) and (<3) follow from the above theorem and (<,) follows from the definition

of an empirical risk minimizer. O

Note that, while Theorem [5|provides performance guarantees for the ERM rule, in
many cases implementing it is NP-hard as is implementing of ERM in the agnostic case

for single-task problems [41].

Note, that in the case of a single task (7" = 1) Theorem |5/ leads the same bound
of form O <\/w> as the results of [89]. However, as the number of tasks (7)
tends to infinity, while the number of training examples per task (n) stays constant, the
overhead associated with learning a kernel vanishes. In particular, the bound on the
estimation error turns into O % , i.e. the bound known for the case of learning
with a single kernel (Theorem [3). Therefore, if there exists a kernel K € K that is useful
for all tasks, i.e. eryy (h*) is small, then access to training data from sufficiently many
tasks allows to learn them with the same sample complexity per task, as if that good

kernel was known in advance.

3.2 Parameter transfer

The parameter transfer approach is based on the idea that predictors corresponding
to related tasks are similar to each other in terms of their parametric form. In the case
of linear predictors this idea was introduced in [32], where the authors proposed an
SVM-like algorithm:

1« C1g
min ol + 73" o —woll? + 3 13
W0t t=1 t=1"" i=1

subject to y!(ws, ) > 1 ¢, ¢ >0 forallt,i. (3.10)

79

The regularization term in (3.10) enforces the weight vectors for different tasks to lie

close to each other in terms of ¢, norm and thus represents the parameter transfer
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assumption. A similar idea was also used in [23] in combination with online perceptron

algorithm and applied to various compluter vision problems [24, 90].

The main limitation of algorithm is that it treats all tasks symmetrically as
equally related. This property reduces its applicability in realistic scenarios, where there
might be some outlier tasks or disjoint groups of related tasks and enforcing information
transfer may cause decrease of prediction quality. In such cases more flexible models
that are able to exploit the underlying task relatedness structure would be preferable.
This can be achieved by using graph regularization [31]. However, it requires prior
knowledge about the level of similarity between the tasks. Alternatively one could allow
the algorithm to automatically determine and exploit the structure of task relations. In
particular, we will discuss how to do it in a principled way in the case, when tasks are
solved sequentially, one at a time by transferring information from previous tasks to the
current one. These results were published in the paper "Curriculum Learning of Multiple
Tasks" [74].

S1 Sy Siy S.
1l g 1

. ) learning )
transfer algorithm |::> PZ |::> algorithm |::> Q’L

Figure 3.1: lllustration of sequential multi-task learning.

We use the PAC-Bayesian approach to analyze this setting. For every task ¢ let
Q; and P, denote the posterior and prior distributions over #. We assume that there
is some deterministic transfer algorithm 7 A that produces a prior for the current task
based on the previous tasks. In addition, there is a learning algorithm A that solves the
task based on this prior knowledge (see Figure 3.1). In contrast to (3.10), this approach
provides flexibility in the sense that not all the tasks need to be equally related. However,
one would expect that its effectiveness depends on the chosen task order. The following

generalization bound allows us to quantify these effects.

Theorem 6 ([74]). For any deterministic transfer algorithm T A, any deterministic learn-
ing algorithm A, any prior distribution P and any § > 0, the following inequality holds

with probability at least 1 — 6 over the training sets S, ..., St of size n each for all orders
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m € Sy of T tasks:

T
A 1 8logT+1 logl/d
(@) < @5(Q) + 7 2 > KL@roliPro) + =5 =+ g B
where
Q=(Q1,...,Qr) (3.12)
Qr) = A(Sr), Prry) (3.13)
P fort=1
Proy = (3.14)
TA(Sﬂ(l), . 7S7r(t—l)) for t > 2
1 & 1 &
erp(Q) = = Z erp,(Q1) = Z E, L E Uh()y) (3.15)
56(Q) = 2> 6@ = L3 LS B dhat). g 3.16)
€rs _T_est l—T n < haQy xi7yi .

The above theorem provides an upper bound on the average expected error over
all tasks - the quantity of interest that the learner would like to minimize but cannot
compute directly. In contrast, the right hand side of consists only of computable
quantities: the average empirical error and a sum of Kullback-Leibher divergences
between priors and posteriors for every task. Moreover, it also depends on the order
7, in which tasks are processed, because the prior for every task 7 (¢) depends on the
tasks 7(1),...,n(t — 1) that were solved before. Therefore the right hand side of
can be seen as a quality measure of the order = and by minimizing it one can obtain an
order that is well suited for solving the tasks based on the given training data. In addition,
because the inequality holds uniformly for all possible task orders, its guarantees will

also holds for the resulting, learned data-dependent order.

We illustrate this process for the case of linear binary classification. We assume that
X is a subset of R, Y = {—1,1}, ¢ is the zero-one loss and # is the set of all linear
classifiers without a bias term {sign(w, z))}, where w € R? is a weight vector. To capture

this setting in the PAC-Bayesian framework we set all prior and posterior distributions to
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be Gaussian with unit variance that differ only by the value of their means:

Qr = N(wp, 1a), P,=Nwh,1;) for t=1,...,T. (3.17)

In order to apply Theorem [6] one also needs to specify the transfer and the learning
algorithms. We consider a simple transfer algorithm that just remembers the solution
for the last solved task. Thus the prior for the current task is equal to the posterior
obtained for the previous one: P, = Q~u—1). We also set the initial prior P to be the
standard normal distribution A/(0, 1) representing the absence of prior knowledge at
the beginning of the learning process. For the learning algorithm A we select a widely
used in computer vision applications Adaptive SVM [42], which is a modification of the
SVM with biased regularization. For a given weight vector @ and training data for a task,

it performs the following optimization:

O n
i — o)t =) 1
min [|w — @[|* + — ;g (3.18)
By plugging in all these definitions in Theorem [6] and using a collection of standard
tricks (described in Section we obtain the following corollary:

Corollary 2. Forany 6 > 0 with probability at least 1 — 6 over the training sets Sy, ..., St

the following holds uniformly for all possible orders m € Sy of T' tasks:

n w(t) w(t)
LN (Y (wnws 2 )
EZ@( T - (3.19)

=1

1 T

T
1 .
oT Z @ yI)END [y # sign(w, )] < T Z
=1 ’ t

t=1

||w7-r(t)_wﬂ'(t1)||2] 1 logd  logT (3.20)

NG SV Tvn |

where w, = 0 is the zero vector and for every t = 2,...,T the weight vector wy) is
obtained by solving (3.18) using Sy and wx—1).

Minimizing (3.20) requires searching over all possible permutations = € Sy. We pro-

pose to perform this search incrementally - for every ¢ the task index = (¢) is determined
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by optimizing the corresponding term in (3.20) with respect to the yet unsolved tasks T

o) =aremin 30 (Ml e enlh (21
where every v, is obtained by solving using Sy and w.—1). Thus at every step the
learner selects a task that is easy in the sense that it has low empirical error and is close
to the last solved task in terms of ¢, distance between the corresponding weight vectors.
Therefore this procedure fits the intuition of starting with the simplest problem and then
proceeding with the most similar ones. The method is summarized in Algorithm[f]and
we refer to it as SegMT. The computational complexity of SegMT is quadratic in the
number of tasks T, because at every step it trains an ASVM for every yet unsolved task
(steps 5-7 in Algorithm[f).

Algorithm 1 Sequential Learning of Multiple Tasks
: Input Sy, ..., Sr {training sets}
: 7(0) <~ 0, wy < 0

]
2:

3: T« {1,2,...,T} {indices of yet unused tasks}
4: fort =1to T do

5. forallk e T do

6: v + solution of using Sk, Wr(t—1)

7: end for

8:  m(i) < minimizer of w.rt. k

9:  wWey) < v, Where k = 7(t)

10: T« T\ {n(t)}

11: end for

12: Return wy,...,wr and n(1),...,7(7T)

In order to verify that SeqMT can be used to find a favourable order of tasks we
perform an experimental evaluation on the Animals with Attributes (AwA['| [49] and
Shoes?|[19] augmented with attributes]] [46] datasets.

In the first experiment we focus on eight classes from the AwA dataset: chimpanzee,
giant panda, leopard, persian cat, hippopotamus, raccoon, rat, seal, for which there is
additional human annotation available [87]. For each class this annotation consists of
ranking scores of its images, whether an object is easy or hard to recognize. We split

the data in each class into five equal parts with respect to this ranking. Each part has

1http://attributes.kyb.tuebingen.mpg.de/
thtp://tamaraberg.com/attributesDataset/index‘html

3http://vision.cs.utexas.edu/whittlesearch/
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on average 120 samples except the class rat, for which there are only approximately
60 samples per part. We create five tasks per class, where every problem is a binary
classification of one of the parts against the remaining seven classes. For each task we
randomly select 21 vs 21 training images and 77 vs 77 test images (35 vs 35 in case of
class rat) with equal amount of samples from each of the classes acting as negative
examples. We also make sure that the data between different tasks does not overlap. As
our feature representation, we use 2000-dimensional bag-of-words histograms obtained
from SURF descriptors [15], which we ¢;-normalize and augment with a unit element to
act as a bias term. All the methods considered in the evaluation have one free parameter

that we choose from 8 values {1072, 107! ...,10°} using 5 x 5 fold cross-validation.

Chimpanzee Giant panda Leopard Persian cat

N
~

25
26} i
25+
8 24}
e
o 23L
° ° I IndSVM
o 22-% . MT
% 31 Hippopotamus 32 Raccoon a1 Rat 30 Seal 1 SeqMT (ours)
o 40l es MergedSVM
g 30t 1
© 39}
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Figure 3.2: AwA dataset: comparison of SegMT method with (3.10) (MT), the single-task
(IndSVM) and MergedSVM baselines. The height of the bar corresponds to the average
error rate (with standard error of the mean) over 5 tasks across 20 repeats.

In order to demonstrate potential advantages of the sequential approach to multi-task
learning we compare SegMT to the ordinary multi-task method (3.10), which we refer to
as MT. As can be seen from Figure 3.2} the proposed approach outperforms MT method
in all 8 cases. This supports the intuition that, if not all tasks are equally related, learning
them sequentially can be more effective than jointly. The rather poor performance of
a linear SVM baseline that solves each task independently (IndSVM) verifies that the
parameter transfer approach is relevant in the considered setting. As a reference, we
also trained a linear SVM that merges the data from all tasks and outputs one linear
predictor for all tasks (MergedSVM). Its performance is rather unstable: in the cases
of chimpanzee and giant panda MergedSVM outperforms SeqMT and MT methods,

which indicates that the corresponding tasks are so similar that a single hyperplane
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can explain most of them. In this case, MergedSVM benefits from the amount of data
that is available to find this hyperplane. However, when the tasks are different enough,
MergedSVM loses to SegMT and MT models. In particular, in the case of leopard

MergedSVM does not improve even over independent training.

In order to examine the effect that the task order has on the overall accuracy, we
compare SeqMT to other methods that solve tasks sequentially using an Adaptive
SVM and differ only by how the tasks are ordered. First, as can be seen from
Figure [3.3] SegMT outperforms the Random baseline that processes tasks in a random
order. We also evaluate the Semantic baseline that orders tasks from easiest to hardest
according to human annotation as if it was given to the learner. In 6 out of 8 classes,
SegMT is better or on par with this baseline. Interestingly, in the case of seal and
hippopotamus Semantic is on par or even worse than Random baseline. This indicates
that the human intuition of what is a favorable order of tasks does not always coincide
with what is beneficial for a machine learning system. In addition, we also evaluate
a baseline inspired by the diversity heuristic from [80]. It defines the next task to be
solved by maximizing instead of minimizing it. We refer to it as Diversity. However
this max heuristic is not effective in the considered setting. Lastly, since there are
only five tasks in each experiment, we could also evaluate all possible deterministic
orders of tasks, which results in 120 baselines. We visualize their performance using
a violin plot [37], where the width of a horizontal slice of the shaded area reflects how
many different orders achieve this error rate (performance stated on the vertical axis).
In general, SegMT is comparable to the best possible fixed orders. Interestingly, it
outperforms them in two cases of rat and seal, which is possible because SeqMT may
vary the order of tasks between different repeats, while every baseline corresponding to
one of 120 task orders solves tasks in the same order in all 20 repeats. Thus, learning
an adaptive order of tasks based on the training data may be advantageous to solving

them in any fixed order, even the best one.

In the second experiment we focus on 10 classes of shoe models from the Shoes
dataset [19]: athletic, boots, clogs, flats, heels, pumps, rain boots, sneakers, stiletto,
wedding shoes, which are associated with 10 attributes [46]: pointy at the front, open,
bright in color, covered with ornaments, shiny, high at the heel, long on the leg, formal,

sporty, feminine. Attributes are provided per class by scores ranging from 1, denoting
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Figure 3.3: Different task order strategies in the experiment with AwA dataset. Averaged
error rate performance (averaged over 20 repeats) is shown on the vertical axis.

class that "has it the least", to 10, denoting class that “has it the most”. Using this
information for each attribute we form a binary classification task, using samples from
classes with ranks 10 and 9 as positives and samples from classes with ranks 1 and 2
as negatives. As a result we obtain 10 tasks. For each of them we use 50 positive and
50 negative samples for training and 300 positive and 300 negative images for testing,
which are randomly sampled from each class in equal amount. As features, we use
960 dimensional GIST descriptor concatenated with ¢;-normalized 30 dimensional color

descriptor and augment them with a unit element as bias term.

We start with evaluating the same baselines as in the experiment on the AwA dataset:
SepMT, MT, IndSVM, MergedSVM, Diversity and Random. As can be seen from
Table in contrast to the first experiment, none of the methods involving parameter
transfer between the tasks show a significant improvement over the independent SVM

approach. This might be because in this setting there are some tasks that are clearly
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Methods Average error
IndSVM 10.34 +£0.13
MergedSVM | 29.67 +0.10
MT 10.37 £ 0.13
Diversity 12.66 £ 0.17
Random 12.14 £ 0.20
SegMT 10.96 +£0.12

Table 3.1: Experiment on Shoes dataset. We report average error rate performance
over 10 tasks across 20 repeats with standard error of the mean.

related such as high heel and shiny, and some tasks that are not, such as high heel and
sporty. And at the same time all the considered methods do not allow for any groups of

tasks being not related to each other.

The sequential transfer approach does not necessary need all the tasks to be related
to each other. However it relies on the idea that the tasks can be ordered in such a way
that each of them is related to the previous one. In practical applications and as was
observed in the experiment on Shoes dataset this might not be the case since there
might be some outlier tasks that are not similar to any other task, or there might be some
groups in the underlying task structure such that only tasks within a group are related
but there is no connection between the groups. In such cases forcing transfer between
unrelated tasks may lead to a decrease in the performance. This problem can be
avoided by allowing the learner to form multiple subsequences of tasks without forcing
information transfer between them. Alternatively, one could think about a sequence
of all tasks, but the learner is allowed to not transfer information between some of the
subsequent tasks and use the original prior P instead, i.e. start a new subsequence.
To describe this setting we introduce a set of flags b, € {0,1} for ¢t = 2,...,T, where
b, = 1 means that to solve the task = (t) the learner uses the information provided by
the previous tasks in the current subsequence, while b, = 0 denotes that there is no
transfer and P is used as a prior. As a result, we can prove the following modification of
Theorem 6l

Theorem 7 ([74]). For any deterministic transfer algorithm T A, any deterministic learn-
ing algorithm A, any prior P and any 6 > 0, the following holds with probability at least

1 — 0 over sampling the training sets Si, ..., St of size n each uniformly for all orders 7 in
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the symmetric group St and any set of flags bs, ..., by € {0,1}:

_ d 1+8log2T log1/s
erp(Q) < é1s(Q) + TL\/E ZKL(QW(t)HPﬂ-(t)) - +8\/oﬁg + (;%\/% , (3.22)
t=1
where
Q=(Q1,...,Qr) (3.23)
Qrt) = A(Prt), Sxv)), (3.24)

P fort=1 or b =0
Pry = (3.25)

T.A(SW(Z-), ce Sﬂ(t_l)) for by =1 and i = max{j : j <tA bj = 0}

Analogously to Corollary 2, one obtains an instance of Theorem [7] for the case of

linear predictors:

Corollary 3. For any § > 0, the following holds with probability at least 1 — o over
sampling the training sets Sy, ..., St of size n each uniformly for all orders = of T' tasks

and any set of flags {bs, ...,br} € {0,1}7*:

n m(t) w(t)
1 = [ Y <w7T(t)7x' >>
YA
(t
" ( (el
|| Wy — brwg—1)|? 1 logd +log 2T
2y/n 8/n Tyn /n'’

T

1 i 1
5T Z (W];ENDt[[y # sign(wy, )] Sf Z

t=1

(3.26)

where w,, = 0 and foreveryt = 2, ..., T wy IS obtained by solving (3.18) using S,
(0) () (®)

and btwﬂ-(tfl).

The corresponding algorithm that incrementally minimizes the right hand side
of is summarized in Algorithm [2 and we refer to it as MultiSegMT. Like Se-
gMT, its multiple subsequences version, MultiSeqMT, chooses which task to solve next
iteratively. However, at every step it has a possibility to continue any of the existing
subsequences or even start a new one. Specifically, at step (6) of Algorithm [1] the
learner for every yet unsolved task learns its weight vector w; using the Adaptive SVM
algorithm not only with the weight w, 1) of the last solved task, but also with the

weight vectors of the last tasks of all the existing subsequences and with zero vector.
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Methods Average error
IndSVM 10.34 +£0.13
MergedSVM 29.67 + 0.10
MT 10.37 £ 0.13
Diversity 12.66 £ 0.17
Random 12.14 £ 0.20
SegMT (ours) 10.96 + 0.12
MultiSegMT (ours) | 9.95 +0.12
RandomMultiSeq 10.89 +0.14

Table 3.2: Extended experiment on Shoes dataset. The numbers correspond to average
error rate performance over 10 tasks across 20 repeats with standard error of the mean.

Therefore at every iteration is used not only to define the next task to solve, but
also to decide which subsequence to continue. Note that the possibility to generate
multiple subsequences of tasks results in higher complexity of running MultiSegMT as it
may require to solve up to 73 times.

Algorithm 2 MultiSegMT: Sequential Learning with Multiple Subsequences
1: Input S, ..., S7 {training sets}
2: T« {1,2,...,T} {indices of yet unused tasks}
3: P < {0} {ws of the last tasks in the existing subsequences}
4: fort =1to 7T do
for all w € P do
k(w) « steps 5-7 of Algorithm with w instead of wy_1)
end for
w* < minimizer of w.r.t. @ with substituting w1y by @ and k by k(w)
9: Wy < solution of using Sy, and w*
10: T« T\ {k(w*)}
11: P<—PU{wk(w*)}
12:  if w* # 0 then

13: P+ P\ {w*}
14:  end if
15: end for
16: Return wq, ... wy

In order to demonstrate potential benefits of the ability to divide tasks into subse-
quences, provided by MultiSegMT, we evaluate it on the described before experiment
with Shoes dataset, where all other parameter transfer approaches failed to outperform
the independent SVM method. Additionally we include a baseline RandomMultiSeq that

learns attributes in a random order with an option to randomly start a new subsequence.

As can be seen from Table [3.2, MultiSegMT outperforms all other baselines, while

SegMT and MT are affected by forcing transfer between unrelated tasks and match the
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performance of INndSVM. This confirms that learning multiple subsequences is advanta-
geous, when not all given tasks are equally related. Moreover, learning multiple random
subsequences as RandomMultiSeq does is better than learning a single sequence of

all tasks, as SeqgMT, Random and Diversity baselines do.

3.3 Active task selection

All multi-task methods mentioned before need at least some training data for all tasks
of interest and focus on reducing the sample complexity per task. However, in some
situations, the fixed costs of obtaining annotated examples can be high, while variable
costs per label are reasonable. In such scenarios collecting even a few annotated
examples for every task of interest might be expensive and it would be preferable to
obtain possibly larger amounts of training data, but from fewer tasks. For example,
for building a personalized speech recognition system it would be easier to collect a
reasonable amount of data from a few users, rather than a few examples from every

potential user of the system.

The active task selection approach is an alternative to more traditional multi-task
methods that does not need access to annotated training data for all tasks of interest.
In contrast, initially every task is represented only by a set of unlabeled examples.
Based on this information, the learner is allowed to select a subset of tasks for which to
request labels. After obtaining those, the learner needs to provide solutions for all tasks,
selected as well as not selected. Similarly to active learning the hope is that selecting
objects to be labeled in an intelligent, data-dependent way might be more beneficial
than choosing them at random. However, in contrast to traditional active learning where
the learner has to provide only one predictor for all examples, in active task selection he
has to identify individual predictors for every task of interest, including those for which
there are no labeled examples available. Such unlabeled tasks can be solved only
by transferring information from the selected labeled tasks. This is a type of situation
considered in unsupervised domain adaptation and the quality of the resulting solutions
will depend on the choice of transfer algorithm. Moreover, the transfer method should
also influence the choice of the labeled tasks, because for different approaches different

subsets of tasks might be most informative. In this section we will describe how to select



31

the labeled tasks in a principled way for two domain adaptation methods.

We focus on binary classification with 0/1 loss, i.e. Y = {—1,1} and {(y,y') = [y #
y']. Moreover, we consider only deterministic labeling functions. Thus we assume
that there are T tasks (D, f1),...,{(Dr, fr), where every task ¢ is described by a
marginal distribution D, over the input space X and a labeling function f, : X — ).
Initially the learner is given a collection of 7" unlabeled training sets S}, ..., S}, where
every S; = {z%,..., 2%} consists of n i.i.d. samples from the corresponding marginal
distribution D;. Based on this information the learner is allowed to select a subset
{t1,...,ty} of k tasks. For each selected task ¢, the learner obtains labels for a random
subset Sfi C St of m points (we assume that these examples are sampled from the

unlabeled training set without replacement).

Probably the simplest unsupervised domain adaptation method is to train a classifier
on the labeled data from one task and use it without any changes on the task of interest.
The expected performance of this hypothesis on the target task depends on how similar

the tasks are in terms of the discrepancy [43] [17] between their marginal distributions:

Definition 6 (Definition 4 in [54]). The discrepancy between distributions D, and D,

over X with respect to a hypothesis set H is defined as:
disc(Dy, Dy) = Jmax, lerp, (h, h') —erp, (h, 1), (3.27)

where erp, (h,h') = E,wp, ((h(x), b (x)).

The corresponding guarantees are provided by the following result:

Proposition 1 (Theorem 2 in [16]). For any two tasks (D, f1) and (D, f») and any
hypothesis h € H the following inequality holds:

erg(h) <ery(h) + disc(Dy, D) 4+ A12,

where A5 = minpey(eri(h) + era(h)).

One of the important advantages of discrepancy as a measure of the difference

between distributions is that it can be estimated based on the unlabeled samples:
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Proposition 2 (Lemma 1 in [16]). Let d be the VC dimension of the hypothesis set H
and Sy, S, be two i.i.d. samples of size n from D, and D, respectively. Then for any

0 > 0 with probability at least1 — §:

2 log(2
disc(Dy, Dy) < disc(S1, So)+2 \/leog( n) +10g(2/3)

n

where
disc(Sy, S2) = Joax, lets, (h, h') — étg, (h, )|

is the empirical discrepancy between the samples and

N N1 ,
éis, (h, 1) = — ; 0(h(zx), W (z)).

Assuming that this simple method is the transfer approach selected by the learner,
active task selection approach reduces to choosing £ tasks and assigning each of
the remaining tasks to one of them based on the unlabeled data. We encode such
an assignment by a vector C' = (¢4, ..., cr) that has at most £ different components
corresponding to the selected tasks and ¢; specifies which of them is used as a source
of information for the ¢-th task. Thus the only remaining question is how to find such an
assignment wisely based only on the unlabeled data. The following theorem quantifies
the effect that the selection of the labeled tasks and the assignment of the unlabeled

tasks to them have on the overall multi-task generalization error:

Theorem 8. Let d be the VC dimension of the hypothesis set H, k be the maximum
number of tasks for which the learner may ask for labels, S}, ..., SY be T random sets
of size n each, where S, "% D, , and St ..., SL be their random subsets of size m each,
for which labels can be provided upon learner’s request. Then, for any 6 > 0, provided
that the choice of labeled tasks I = {t1,...,t;} and assignment C = (cy,...,cr) are
fully determined by the unlabeled data, the following inequality holds with probability at

least 1 — & uniformly for all possible choices of the assignment C' and the corresponding
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hypotheses:

T T

T T
%Zert( o) Z at., (h ZdlSC St, Se,) Z tes (3.28)
t=1 =1

=1 t=1

+\/2dlog7§fm/d) +\/og2(m/ )+\/2dlog7ien/d) N log(T") + log(4/6)

2n

+2(T — k) \/2d log(2n) + 2log(T) +log(4/0)

- - (3.29)

where Giy(h) = L 3 ((h(z), f(x)).

wes!

The above theorem provides an upper bound on the average expected error on all
tasks by the sum of three complexity terms and three task-dependent terms: training
errors on the labeled tasks, average distances to the prototype in terms of the empirical
discrepancies and an average of A-s. The first complexity term vanishes as the number
of unlabeled examples per task (n) tends to infinity, indicating that in this case the
discrepancies between the tasks can be estimated precisely. If the number of labeled
examples for each of the selected tasks (m) tends to infinity, the remaining complexity
terms converge to 0 as 1//m, showing that in this case the learner has full knowledge
about the labeled tasks. This rate of convergence is the best we can expect for the
considered transfer method, because there is no sharing of information between the

labeled tasks.

The only component of the right hand side of that can not be estimated from
the data that is available to the learner is the average of the \-s with respect to the
assignment C. While discrepancy captures the similarity between the marginal distribu-
tions, A in addition embodies the similarity between the labeling functions. And though
Theorem [8| holds without any assumptions on the task relatedness, its guarantees are
most relevant when this term (as well as others) is small. While it is unreasonable to
expect \;; to be small for every pair of tasks ¢ and j, the right hand side of is
small (and thus informative) only if the average discrepancy between every unlabeled

task and the labeled task it is assigned to is small:

T

1

T g disc(St, Se,)- (3.30)
t=1

Thus requirement on the \-term to be small can be reformulated as some kind of a
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smoothness assumption: if two tasks have similar marginal distributions, i.e. discrepancy

between them is small, they likely have similar labeling functions.

Minimizing (3.29) (taking into account that the choice of labeled tasks has to be done
based only on the unlabeled data) results in the following strategy for the active task

selection with single-source transfer (ATS-SS):
1. estimate pairwise discrepancies between the tasks based on the unlabeled data

2. minimize (3.30), i.e. cluster the tasks using the k-medoids method based on the

obtained empirical discrepancies

3. train classifiers for the cluster centers and transfer them to the other tasks in the

corresponding clusters.

Note that the inequality (3.29) holds uniformly with respect to assignment C and the
corresponding hypotheses, thus it also holds for the output of ATS-SS.

Theorem 8| and the resulting approach ATS-SS are based on the assumption that
for solving every task the learner uses only one of the chosen labeled tasks and there
is no information transfer between the labeled tasks. The simplicity of this approach
makes it intuitive and allows for simple analysis and implementation. However, it might
be suboptimal: potentially all k& labeled tasks could be used to obtain predictors for the
remaining unlabeled tasks and information could also be shared between them. In order
to exploit this possibility, we consider a domain adaptation method [16] that minimizes a

convex combination of training errors on all given source domains, i.e. labeled tasks.

Given a set of tasks I = {t1,...,tx} C {1,...,T} define:

A= {aE 0, 1% Zozz—l; suppozgf} (3.31)

for suppa = {i € {1,...,T} : oy # 0}. For a weight vector a € A!, an a-weighted

empirical error of a hypothesis i € H is defined as follows:

ery(h Z a,er;(h (3.32)

el

Now we consider the scenario when in order to obtain a predictor for every task ¢, labeled

as well as unlabeled, the learner minimizes ér () for some parameter vector o € A/,
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where [ is the set of selected labeled tasks. This is a generalization of the previously
considered transfer from a single labeled task, because it reduces to that method if
every weight vector o' has only one non-zero component. However, real-valued weights
can potentially improve the performance and the following theorem provides a guide on

how to choose which tasks to label for this adaptation method:

Theorem 9. Let d be the VC dimension of the hypothesis set H, k be the maximum
number of tasks for which the learner may ask for labels, St, ..., S} beT sets of size
n each, where S* " D;, and S¢, ..., Sk be their random subsets of size m each for
which labels would be provided upon learner’s request. Then for any 6 > 0, provided
that the choice of labeled tasks I = {i,, ... ,i;} and the weights o, ... aT € A are fully
determined by the unlabeled data only, the following inequality holds with probability at
least1 — 6 over S¥,...,S%and S!, ..., SL for all possible choices of I, o', ..., aT € A!
andhy,... . hr € H:

— Zert (he) < —Zerat (he) + ZZ@ disc(Sy, S; (3.33)

tlzGI

T
B 1
+f”oé||2,1+f||04H1,2+C+D+fZZa§)\m (3.34)

t=1 iel

where:

ltfl2n = Z S (a2, Jallie = JZ (Za

t=1 el el t=1

. \/ 2d log(ekm/d log(4 )

2m

8(log T' + dlog(enT'/d)) 2. 4
C = Zlog -,
n n 9

D= 2\/2d10g(2n) + 2log(T") + log(4/6)

n

First, note that in the worst case, when there exists i € I such that o} = 1 for every

te{l,....T} ||lalla1 = lefli2 = T and, thus, the term £ ||a||21 + £||a|:1» behaves as
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O(+/dlog(km)/m). In the opposite extreme, if every o' weights all the labeled tasks
equally, i.e. af = 1/kforallt € {1,...,T} and i € I, [lalls1 = [lafi2 = . There-
fore the convergence of the corresponding term improves from O(y/dlog(km)/m) to

O(y/dlog(km)/km), which is the best we can expect from having km labeled examples.

Thus, this term in (3.35) captures the intuition that multi-source approach may improve
the performance: it encourages the learner to use data from multiple labeled tasks
for adaptation and to select the tasks that all would be equally useful, thus preventing

labeling tasks that would be useful for only a few others.

At the same time the complexity terms C' and D behave as O(y/dlog(nT)/n). In
order for these terms to be balanced with £|a2; + £|/a|12, i.e. for the uncertainty
coming from the estimation of discrepancy to not dominate the uncertainty from the
estimation of the a-weighted risks, the number of unlabeled examples per task n should
be significantly (for £ < T') larger than m. However, under the common assumption that
obtaining enough unlabeled examples is significantly cheaper than annotated ones, this

is not a strong limitation.

As in the case of single-source transfer, we can use the right hand side of Theorem[9]
to guide the choice of the labeled tasks and the weights o, ..., aT. In particular, its part
that can be evaluated based only on the unlabeled data and depends on the choice of 1

and a-s is:

1 < A B
= D> aidise(S;, 8) + Zlallza + =l (3.35)

t=1 i€l
Thus we obtain the following analog of ATS-SS for the case of multi-source transfer
(ATM-MS):

1. estimate pairwise discrepancies between the tasks based on the unlabeled data
2. choose the labeled tasks I and the weights o', ..., o’ by minimizing (3.35)

3. for every task ¢ train a classifier by minimizing (3.32) using the obtained weight

vector ot.

Note that the above method satisfies the conditions of Theorem [9} thus its guarantees
also hold for the resulting solution.
Both ATS-SS and ATS-MS come with theoretical guarantees. However, implementing

them exactly is computationally hard, because it requires performing ERM and solving
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k-medoids problem, both of which are in general NP-hard [41,167]. Thus examine the
performance of the variations of ATS-SS and ATS-MS in practice when the optimization
problems are solved approximately by evaluating them on synthetic and real data. In

both experiments we use linear predictors without a bias term.

Since there are no earlier methods for multi-task learning with unlabeled tasks, we
compare both methods to the natural baseline commonly used to benchmark active
learning methods: it selects the labeled tasks randomly and then applies the same
adaptation method, i.e. each unlabeled task is solved using the predictor from the
closest labeled task (RTS-SS), or by training on a task-specific weighted combination
of labeled tasks (RTS-MS) with only the weights obtained by minimizing (3.35). We
also evaluate independent ridge regressions that have access to labels for all tasks
(denoted by Fully Labeled). However, this baseline has access to many more annotated
examples in total than the active and random task selection methods. In order to quantify
this effect we evaluate a Partially Labeled baseline. This method also has access to
labeled examples for all tasks, but the total number of annotated examples it sees is the
same as for task selection approaches. In particular, when the number of labeled tasks
is k, the number of labels per task the Partially Labeled baseline sees is mk/T. To avoid
the need for heuristic choices, we report results for this baseline only for integer values
of mk/T.

In order to estimate the empirical discrepancies between a pair of tasks (step 1 in
ATS-SS and ATS-MS) we find a linear predictor that minimizes the squared loss for
the binary classification problem of separating the two sets of instances, as in [16].
To minimize the k-medoid risk (step 2 in ATS-SS) we use local search [68]. For the
corresponding minimization of in ATS-MS we use the GraSP algorithm [9]. GraSP
requires as a subroutine a method for optimizing the objective with respect to a given
sparsity pattern, for which we use gradient descent. To obtain classifiers for the individual
tasks in all scenarios we use least-squares ridge regression with regularization constant
from the set {1073,1072,107,1, 10, 102, 103} found by 5 x 5-fold cross validation.

First, we generate synthetic data that well suits the active task selection paradigm.
We construct 7' = 1000 binary classification tasks in R?, where every marginal distribu-
tion D, is a unit-variance Gaussian with mean p; chosen uniformly at random from the

set [—5,5] x [=5,5]. The label +1 is assigned to all points that have angle between 0
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Figure 3.4: Experimental results on synthetic and real data: average test error and
standard deviation over 100 repeats (synthetic) or 20 repeats (real) for the proposed
active task selection (ATS) and random task selection (RTS) as well as fully supervised
and partially labeled baselines.

and 7 with y, (computed counter-clockwise), the other points are labeled —1. We use

n = 1000 unlabeled and m = 100 labeled examples per task.

For the real-data experiment we use the train part of the ImageNet ILSVRC2010
dataset [79], which consists of approximately 1.2 million natural images from 1000
classes. We extract features using a deep convolutional neural network [88] that was
pretrained on MIT Places. For computational simplicity we reduce their dimension to 5
using PCA and augment them with a constant feature, resulting in d = 6. We construct
999 balanced binary tasks of classifying the largest class, Yorkshire terrier, versus one
of the remaining classes. We use n = 400 unlabeled samples per task and label a

subset of m = 100 examples for each of the selected tasks.

As can be seen from Figure [3.4]in both single-source and multi-source adaptation
cases choosing labeled tasks actively according to ATS-SS and ATS-MS is advanta-
geous over a random choice, especially when the budget only allows for a small fraction
of tasks to be labeled. The difference with the Partially Labeled baseline is even bigger,
indicating that in this case, having more labels for fewer tasks rather than only a few

labels for all tasks is beneficial not only in terms of annotation costs, but also in terms of
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prediction accuracy. Note that if the tasks in question were completely unrelated this

would likely not hold.

As the number of labeled tasks gets larger, e.g. half of all tasks, the performance of
the active task selection learner becomes almost identical to the performance of the
fully supervised method, even improving over it in the case of multi-source transfer on
synthetic data. This confirms the intuition that in the case of many related tasks even a

fraction of the tasks can contain enough information for solving all tasks.

3.4 Conclusion

In this chapter we have discussed various assumptions on task relatedness used in
multi-task learning. In particular, we have shown that previous results in representation
transfer that aim at learning a linear feature transformation can be extended to kernel
learning. The obtained results, given by Theorem [5| show that access to data from
several related learning tasks reduces the sample complexity per task for learning a
kernel whenever the pseudodimension of the considered kernel family is finite. In the
case of parameter transfer we have shown that processing tasks sequentially can be
more effective than doing it jointly. Theorems [f] and [7| capture the effect of the task
order on the average performance of the learner and can be used to derive algorithms
capable to automatically determine a favorable order of tasks based only on the training
data. We have illustrated this process in the case of linear predictors and shown the
effectiveness of the resulting SeqMT and MultiSegMT methods on two real-worlds
image datasets. Finally, in Section we have discussed the active task selection
framework: a modification of the standard multi-task scenario when initially all tasks
of interest are represented only by unlabeled data and the learner is able to select a
subset of tasks for which to request labels. Theorems [8 and [9] provide analysis of this
framework for two domain adaptation methods and can be used to make the choice
of which tasks to label in a principled way. We have illustrated the performance of the
resulting ATS-SS and ATS-MS methods on two datasets.
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4 Lifelong Learning

In lifelong learning [91] the learner encounters a stream of tasks - Dy, ..., Dy, ... For
every task he observes a training set S, = {(z4,4%), ..., («%, y.)} of annotated examples
sampled i.i.d. from the corresponding distribution D,. As in multi-task learning, we
assume that all tasks share the same domain X x ) and the learner uses the same
loss function ¢ to evaluate the performance of prediction methods. However, in contrast
to the multi-task setting, at every time step 7' the goal of the learner is not to perform
well on the observed tasks Dy, ..., Dy, but rather to extract some information from them
that would be useful for solving new, yet unobserved tasks. Thus, for this goal to make
sense one has to assume some relatedness between the observed tasks and the new

ones.

The first formal model of the lifelong learning setting was proposed by Baxter [14],
who introduced the notion of task environment - a set T of all tasks that may need
to be solved at some point and a probability distribution © over it. Under Baxter’s
model the observed tasks are assumed to be sampled i.i.d. from some unknown task
environment and the goal of the learner is to perform well in expectation over new tasks
coming from the same environment. Thus, the task environment provides a way to
formally define a process that generates the tasks. However, this is not enough. Imagine
a situation where ¥ contains all possible tasks (or just sufficiently many) on a given
domain and © assigns to all of them the same probability. In such case the finitely many
observed tasks very likely will not have anything in common and will not contain any
useful information for the future. Thus, as in multi-task learning, one also has to assume
some kind of functional relatedness between the tasks, which in the case of lifelong

learning is formulated not on the level of the observed tasks, but on the level of the task
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environment as a whole.

Conceptually almost all relatedness assumptions that are useful in multi-task learn-
ing, can also be exploited in lifelong learning by just casting the observed tasks at
every time step 17" as a multi-task problem. Consider, for example, an assumption of a
shared low-dimensional representation discussed in the multi-task scenario. Under this
assumption the lifelong learner could just perform optimization on the observed
data, use the inferred feature representation for solving new tasks and repeat the pro-
cess when new data arrives. The drawback of such a naive approach is that it requires
re-training a model from scratch with every new task. This might not be satisfactory
when dealing with a potentially long stream of tasks, where one would prefer to be able
to efficiently update the model when new data arrives. Motivated by this observation, a
modification of multi-task methods of representation transfer [5, [6] for lifelong learning
was developed in [81) 182]. The main difference of the proposed there algorithm to its

multi-task ancestor is that it allows for such fast, incremental updates.

From the theoretical perspective the difference between multi-task and lifelong
learning is that in the latter case there is an additional source of uncertainty, because
the learner does not know precisely what new tasks are going to be. In case of Baxter’'s
assumption of a shared inductive bias [14] it results in searching for a hypothesis set
‘H € H that minimizes the following, lifelong expected error:

erp(H)= E erp(H)= E inf E {(h(x),y) (4.1)

D~D D~®D heH (z,y)~D

instead of its multi-task version:

T

1 1 :
erp(H) = = Z erp,(H) = = Z nf EU(h(z),y). (4.2)

However, typically generalization bounds for lifelong expected error (4.1) are obtained
by first relating it to the multi-task version (4.2) and then relating the latter one to its
empirical counterpart. Thus, generalization bounds for multi-task learning can often be

obtained as a subproduct of proving bounds for the lifelong learning scenario [57].

We take the same path to extend our result for multi-task multiple kernel learning to

lifelong learning. In this case the quantity of interest - lifelong expected error - can be
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written as:

erp(Hr) = DIEQ hIEI;fK erp(h) = DIE:@ hIEI}fK @, y)ND[[yh( x) < 0]. (4.3)

The following extension of Theorem |5|provides a uniform bound on its deviation from

the empirical counterpart given by:

T

S3(Hi) = DI —Z[{yl " <], (4.4)

heHk N

Theorem 10 (Theorem 5 in [70Q]). Let (¥,D) be a task environment defined on X x
{—1,+1} and K be any kernel family with finite pseudodimension d,(K), such that
K(x,r) < B%* forany K € K and any x € X. Then, for any fixed vy > 0 and any ¢ > 0, if
T > 8/¢* andn > 8/¢2, then:

Pr{VK € K ery (M) + e > 6i§(Hi) > ero(Hy) — €} > 14, (4.5)
where
2y —
erg (Mx) = E_ inf erp) (h) = oo, E y>~ [yh(z) < 27]
2 eyn
oy (51267203 B2\ % (512052 5 el 55) Tne?
0=2"\ " 2 exp | — +
vidg v 32

dg 9
<320T5d5 (643 ) ) exp <—T—6> . (4.6)
s 128

First note that, as in Theorem [5], the above result holds without any assumptions
on the task environment (¥, ©). However, it has the most significant implications in the
case when there exists some kernel K € K that has low approximation error for all
tasks in the environment. This is the assumption on task relatedness that is indirectly
exploited by Theorem[10] In such case, the kernel that minimizes the average error over
the set of observed tasks is expected to be useful in expectation for new tasks coming

from the same environment.

The only difference between Theorem[10]and Theorem [5]is the second term in (4.6).
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Technically, this term comes from bounding the difference between lifelong expected

error erp(H ) and its multi-task version:

T

(M) = >t B, [ohie) <0/2) (4.7)
Indeed, the same arguments as for proving Theorem [5| can be used to bound the
difference between er”D/Q(’HK) and its empirical counterpart erd (k). The only remaining
step is to relate erp(Hg) to er%/Q(HK). Thus, this additional term in captures the
uncertainty coming from the fact that the lifelong learner does not know exactly what
new tasks are going to be. In the limit of infinitely many observed tasks (7' — o) this
term vanishes, indicating that by observing sufficiently many tasks the learner gets
the full knowledge about the task environment. The first term in behaves exactly
the same as the one in Theorem [5]: its part that depends on the pseudo-dimension
d, vanishes as the number of observed tasks 7" grows and thus it converges to the
complexity of learning one task as if the learner would know a good kernel in advance.
The combination of two types of complexity terms - one for the task environment, i.e.
the first expectation in the definition of the lifelong expected error, and one for the
data distributions corresponding to the observed tasks - and vanishing of the overhead
associated with inferring the commonality, i.e. kernel function in case of Theorem|[i0]
are two distinct features of generalization bounds for lifelong learning that demonstrate

complexity and potential benefits of this setting from the theoretical perspective.

4.1 PAC-Bayesian perspective

4.1.1 Li.d. tasks

Baxter’s idea of learning an inductive bias from multiple tasks can naturally be translated
to PAC-Bayesian language. Though Theorem (4| holds regardless of the agreement
between the prior distribution P and the underlying data distribution D, its implications
are most significant when the prior is informative, i.e. is close to posteriors with low
empirical error érg(Q)). In such cases the value of the right hand side of can

be made small, because there exist posteriors with low empirical error and small
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KL-divergence from the prior.

While informative priors are most useful, in practice it might be hard to come up with
one. Thus, it would be preferable to be able to infer an informative prior from the data.
However, the only condition that the prior has to satisfy is to be independent from the
training data. A way around this problem was proposed in [69] by splitting the data into
two parts and using one for estimating a prior and another one for learning a predictor.
However, this approach requires a significant amount of training data and can not be
applied to lifelong learning, where the learner is interested in new, yet unobserved tasks.
Alternatively, one could follow the logic of Baxter’s inductive bias learning and try to infer
the prior from multiple observed tasks. In this section we will discuss how to do this in a
principled way. These results were published in the paper "A PAC-Bayesian Bound for

Lifelong Learning" [71].
First, note that technically minimizing a PAC-Bayesian bound like (2.19) with respect

to P is not a valid strategy for learning a prior. This is because, in contrast to being
uniform in posterior @), inequality holds only for a fixed, data independent prior.
Thus, if we wish to develop a PAC-Bayesian bound that can be used for learning priors
from the data, its guarantees have to be uniform in P. In order to achieve this we treat
the prior P itself as a random variable. We let P be an initial hyperprior distribution
over the set of possible priors and reformulate the goal of inferring the prior from the
observed tasks as adjusting P info a data-dependent hyperposterior distribution Q
over the set of priors. We also assume that for every task ¢ the learner uses a fixed
deterministic learning algorithm that outputs a posterior Q;(S;, P) based on a prior P
and a training set S;. Then the goal of the learner is to identify a hyperposterior Q that
in expectation leads to a low expected error erp(Q)) on a new randomly sampled task D

with a training set .S, when the prior is sampled according to O:

ero(Q = B E E ern(Q(S, P)). (4.8)

Following the PAC-Bayesian path we require the hyperprior P to be independent from

the data and obtain the following result that bounds the difference between er5(Q) and
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its empirical counterpart:

T
ers Z Qt St, )), (4-9)

uniformly for all hyperposteriors O:

Theorem 11 ([71]). Let (T,®) be any task environment and P be any fixed hyperprior
distribution. Then, for any 6 > 0 the following inequality holds with probability at least

1 — 0 (over the training samples {Si, ..., Sr}) for all hyperposterior distributions Q:

era(Q) < 6is(Q) + (% " #) KL(Q|P) (4.10)

1« 1 /1 1. 6
+ ZPINEQKL(Qt(St,P)HP> + NG <§ — Tlog 5) .

Like Theorem 10, Theorem [11] contains two types of complexity terms. The first one,
KL(QJ|'P) corresponds to the level of the task environment in general and vanishes only
when the number of observed tasks 7' tends to infinity, i.e. when the learner has full
information about the task environment (T, ©). In contrast, in the second complexity
term every KL(Q,(S;, P)||P) belongs specifically to the ¢-th task. When T" grows, this
term converges to an average KL-divergence over tasks and may remain non-zero,
indicating that full knowledge about the task environment is not sufficient to overcome
the uncertainty within each task. When, in contrast, the number of samples per task n
tends to infinity, the second complexity term converges to 0 as 1/4/n, while the first one

does not, since there is still uncertainty on the task environment level.

As a PAC-Bayesian bound, the right hand side of contains only computable
quantities and can thus be seen as a quality measure of the hyperposterior Q. By
minimizing it one can obtain a hyperposterior that is well suited to the particular task
environment and since holds uniformly in Q, the obtained distribution over the
priors can be expected to work well on new tasks from the same environment. Now,
we will illustrate this process for two information transfer strategies discussed in the

multi-task chapter - parameter and representation transfer.

We focus on the case of linear predictors, i.e. X C R? and h(z) = (w,z) if Y =R



46

or h(z) = sign(w, z) if Y = {—1,1}, where w € R? is a weight vector. We start with the
parameter transfer approach that is based on the assumption that the weight vectors for
different tasks are similar to each other [32]. In accordance with standard techniques,
we let prior and posterior distributions be Gaussian with unit variance that differ only by

the values of their means:
P:N(wp,[d) and Q:N(’LUQ,[d).

Thus priors are parametrised by wp, which is first distributed according to the hyperprior
distribution, P = N (0,01,) and later according to the hyperposterior @ = N (wg, I;). To
capture the relatedness assumption we use as a learning algorithm for every task the
following modification of Adaptive SVM with squared loss:

C n
wq = arg min <||w —wpl|® + - Z(yz - <w,a‘:i>)2> : (4.11)

=1

which has a closed form solution

-1
wo = (%[d+XXT> (%prrXY) = Awp +b, (4.12)
where X is the matrix with columns zy,...,z,, Y is a column of labels (yi,...,y.)"

A= (I;+SXXT) " and b= CAXY.

Using these definitions we can compute the complexity terms in (4.10):

_ lwel? | d 1
KL(Q||P) = Sy §(log0 +— = 1) and
1
EKLQUS. PIP) = £ (14— Ljwo + bl + (4 — Lf).  (413)

For the loss function ¢ we consider two cases - 0/1 loss for binary classification and
truncated squared loss /(y,y’) = min{(y — v')?, 1} for regression. In the first case the
expected empirical error of the Gibbs classifier is given by the following expression
[33,550]

I I [ e T (Awg + by)
ers(wo) = TZ n > @ <\/(x§)T(Id+AtAI)x§> : (4.14)

t=1 i=1

Keeping in mind that for 0/1-loss the Gibbs error is at most twice smaller than the
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expected error of the classifier defined by A;wg + b; [63, 51], we obtain the following

instantiation of inequality (4.10):

1 vIn+1 9
Vug gDmg@Sgn (xy)ND[y%s1gn<Awg+b < i f ol (4.15)

T(Aywg + by)
+ (A; — Ip)wg + be||*+ e + const.
o~ e 3 LS e )

For regression tasks, since /(y,y’) = min{(y — )%, 1} < (y — ¥/)?, we can upper
bound ér(wg) by the empirical error of the Gibbs predictor with squared loss. This error
differs from the error of the predictor that is defined by A,wg + b; only by an additive
constant that does not depend on wg. Moreover, similarly to 0/1 loss, for truncated
squared loss ¢ the error of Gibbs predictor is also at least one half of the expected error
of the predictor defined by A,wg + b;. Thus we obtain the following instantiation of

for the truncated squared loss:

1 . vVIn+1
vwo 3 E B E min{ly—{duwo+ba)1} < o]

2
2 D~D S~D" (z,y)~D jwel| (4.16)
2T\/_Z (A — Ia)wg + bl|> + = T Z lz — (Aywg + by, 24))? + const.
The bounds (4.15) and (4.16) suggest learning a data-dependent hyperposterior
by minimizing their right hand sides with respect to wg. We will refer to the resulting

algorithms as Prior Learning with Gaussian hyperprior (PL-G).

In a practical implementation of PL-G for binary classification we replace @ in (4.75)
by its convex relaxation, ®ox(z) = 5 — &=, if 2 < 0 and @ax(z) = ®(2) otherwise,
and use the conjugate gradient method for finding the minimum. PL-G for regression

problems is even simpler, because optimizing (4.16) has a closed form solution:

\/T_n+ 1 / / ! - /
Wo =" ( T T\/_ ZATA ) (C z; Tbt)
where A, = A, — I;, D = = Z EA:XtXtTAt, (4.17)

T
2 L1
TZTE ﬁ( YT XTATX XA, — YTXTAt)

t=1
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Representation transfer techniques are based on the assumption that the weight
vectors for different tasks lie in a low-dimensional subspace. In order to use Theorem
for learning such a subspace in a principled way we start with representing £-dimensional
subspaces of R? by d x k matrices with orthogonal columns, i.e. elements of the Stiefel
manifold V. At the beginning of the learning process all subspaces are equally likely,

thus we let the hyperprior P be the uniform distribution over V; . [30]:

1
pp(B) = e forany B € V,, (4.18)

where Cy = OFl(%d, 0). For the hyperposterior Q we look for a distribution that concen-
trates its mass around a specific subspace, M. For this we employ a special case of
Langevin distribution, D(I, M), which can be interpreted as an analog of the Gaussian

distribution on V, :

po(B) = Cilexp(tr(MTB)) for any B € Vi, (4.19)

where Cy = (F(3d, ;M " M). This distribution is parametrized by a d x k matrix M with
MM = I, that represents the most promising subspace.

As before we use Gaussian distributions for priors and posteriors, however now they

are defined only within the subspaces sampled from P or Q:
P:N(0,0'Ik) and Q:N(U}Q,O'Ik). (420)

For the learning algorithm we select ridge regression that again is defined only within

the subspace determined by the prior:

O n
= arg mi P =) (yi— (w, BTa;)) 4.21
wq = argmin (uwu o 2w B ) (4.21)
where B is the matrix representing the subspace and Bz is the projected representation

of the training data in this subspace.

Now we can compute the complexity terms in (4.10). First, note that for any M € V,
there exits an orthogonal matrix L € R¥? such that LM = J = {§;;} € R%**. Therefore
if B ~ D(I,M), than LB ~ D(Iy,LM) = D(Iy,J). Thus, the entropy of D(I, M)
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is equal to the entropy of D(I;,J) and is a constant independent of M. Since P is
uniform, KL(Q||P) depends only on the differential entropy of Q and thus is also a
constant independent of A/. Furthermore, KL(Q,(S,, P)||P) = 5=||w:(B)|?, where B is
the representation of the selected subspace. Thus, we obtain the following corollary of
Theorem [{1

er(M) < %ZM {a(wt(B)) + ﬁ”wt(B)HQ} + const, (4.22)

where wy(B) = € (I + %BTXtXtTB)_lBTXth. Interpreting the right hand side as
a quality measure, we can conclude that a representation, M, can be considered
promising for future tasks, if for all observed tasks it allows for classification with small

loss and small weight vector norm, i.e. large margin.

For a practical implementation for both binary classification and regression problems
we use the standard squared loss, which is an upper bound on both the 0/1 and the
truncated squared losses. Moreover, we substitute all expectations over Q by their
values at its mode, M, and replace the error of any Gibbs predictor by the error of the
deterministic predictor defined by the mode of the posterior distribution, w,(M). As a
result we obtain a quadratic optimization problem over the Stiefel manifold, which we
solve using gradient descent with curvilinear search [98] and call the corresponding

algorithm Prior Learning with Langevin hyperprior (PL-L).
In order to examine the quality of priors learned by minimizing (4.15), (4.16) and (4.22),

we evaluate PL-G and PL-L on three real world datasets:

e The Land Mine Detection [99] dataset consists of 14820 data points, each repre-
sented by 9 features extracted from radar images and associated with a binary
label corresponding to landmine or clutter. Data is collected from 29 geographical
regions and we treat each region as a binary classification task. We add a bias

term, resulting in 10-dimensional features.

e London School Data is a regression dataset, containing exam scores of 15362
students from 139 schools, where each school constitutes a task. We use the
same procedure as in [81] to encode 4 school-specific, 3 student-specific features

and a year of examination in a set of binary features. With a bias term the resulting
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dimensionality is d = 28. We divide labels (examination scores) by their maximum
value, thus we can assume that the squared loss will not exceed 1. We report the

squared error multiplied by the squared value of the maximum examination score.

e The Animals with Attributes Dataset [49] contains 30475 images from 50 classes.
We use PCA to reduce original 2000-dimensional features to 100 dimensions,
which we then [;-normalize and add a bias term. We form 49 binary classification
tasks, each of them is a binary classification of the largest class collie versus one
of the remaining classes. To prevent data overlap between different tasks, for
every task we use 2% of the data (approximately 20 images) available for collie

class and the same amount of images from the negative class.

We compare PL-G and PL-L to ordinary ridge regression, adaptive ridge regression
(ARR), i.e. Equation (4.11) with the prior w,, set to the average of the weight vectors
from the observed tasks, and with the ELLA algorithm [81] that learns a subspace

representation using structured sparsity constraints, also with squared loss.

In order to examine the effect of different number of observed tasks on the perfor-
mance of the algorithms on future tasks, in each experiment we set aside a subset of
tasks as unobserved (9 in Landmines, 39 in Schools, 9 in Animals) and use different
fractions of the remaining ones for training. To get reliable estimates of the transfer risk,
we repeat the experiment 100 times for each dataset and report the mean errors and

standard errors of the mean.

The only free parameter C'in PL-G, PL-L and ARR we select from {1073 .. 103} using
the following modification of the ordinary 3-fold cross-validation: we split the data of
each task into three parts and use the first third of all tasks jointly to learn a prior, then
we train individual predictors on the second part of the data and test their quality on the
last third. Using the same procedure, we select the regularization strength parameter
of the ELLA algorithm, while the remaining parameters are fixed at their default values.
We set the regularization parameter of the Ridge Regression using ordinary 3-fold

cross-validation.

The results of the empirical evaluation are reported in Figure [4.1] For the Landmine
dataset we report the value of area under the ROC curve, because the tasks are

unbalanced. By construction problems on the Animals with Attributes dataset are
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balanced, thus we report the standard mean classification error. Performance on the

Schools dataset is measured using the mean squared error.

First, note that all the methods that use information transfer for sufficiently many
observed tasks outperform the Ridge Regression baseline, indicating that the tasks are
related in the considered experimental settings. Moreover, their performance improves
with the number of observed tasks, which confirms the intuition that more observed

tasks contain more information for the lifelong learning scenario.

In order to illustrate the effect of the hyperprior, we report performance of PL-G
for two different values for the Gaussian hyperprior variance. We observe that higher
variance (¢ = 10) leads to faster convergence, compared to ¢ = 1, for which the
adaption process is more conservative and many tasks are needed to find a reliable

hyperposterior.

Overall, PL-G and PL-L are comparable to the existing, manually designed methods -
ARR and ELLA, respectively. This indicates that the generalization bound of Theorem
can be used to derive principled and reasonably performing algorithms for lifelong
learning. At the same time it provides an alternative view on the implicit assumptions of

possible learning methods by reformulating them in terms of hyperpriors/hyperposterios.

4.1.2 Non-i.i.d. tasks

The original analysis of Baxter [14], as well as Theorems [{0]and[11]rely on the assump-
tion that the observed tasks, as well as new ones are sampled i.i.d. from the same task
environment. This assumption makes it possible to rigorously argue about the future
of the learning process based on the observations. However, it limits the applicability
of these results in practice. In this subsection we will discuss two possible relaxations
of the i.i.d. assumption that nevertheless still can be used to analyze the future of the
lifelong learning process. These results were published in the paper "Lifelong Learning
with Non-i.i.d. Tasks" [72].

The simplest and most intuitive way to relax the i.i.d. assumption is to keep the
task environment fixed, but allow dependencies between the observed tasks. In this
case tasks are identically, but not independently distributed. In terms of relatedness

assumptions this setting is equivalent to the i.i.d. case, since in lifelong learning these
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Figure 4.1: (a) mean AUC vs number of training tasks on Landmine dataset for ridge
regression, ARR and PL-G with ¢ = 1 and ¢ = 10, (b) mean squared error vs number
of training tasks on Schools dataset for ridge regression, ARR and PL-G with o = 1
and ¢ = 10, (c) mean error vs number of training tasks on Animals dataset for ridge
regression, ARR and PL-G with 0 = 1 and ¢ = 10, (d) mean AUC vs number of training
tasks for ELLA and PL-L with number of basis vectors £k = 3 and k£ = 5 and variance
o =1and o = 10 on Landmine dataset, (e) MSE vs number of training tasks for ELLA
and PL-L with number of basis vectors k = 3 and k£ = 5 and variance o = 1 and o = 10
on Schools dataset.
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assumptions are formulated on the task environment level and this is assumed to be
constant. Thus, we can keep the same paradigm as that used for proving Theorem [11]
As commonly done in analyzing lifelong learning, the proof of Theorem[11] consists of
two steps. First, one bounds the difference between the empirical error érg(Q) and the

average expected error over the observed tasks:

1 T

= E — E E . 4.2
(D= B D B ke, (1)) (4.23)
This step is performed conditioned on the observed tasks. Thus, the corresponding
training samples remain independent and one can keep this part of the proof without

changes.

In contrast, the second step of the proof of Theorem [11]that bounds the difference
between erp(Q) and erp(Q) directly exploits the i.i.d. assumption on the observed
tasks and therefore cannot be used. In order to extend this analysis one has to
be able to quantify the amount of the dependencies between the observed tasks,
because presumably it will effect the performance of the learner and the corresponding
guarantees. In particular, if we imagine an extreme case, when the observed tasks are
sampled by first randomly sampling a task from the environment and then repeating
the obtained task 7" — 1 times, it seems intuitive that such observation will contain only
limited amount of information about the environment and thus the convergence rate of

the upper bound should become slower compared to the i.i.d. case.

In order to formally quantify such effects we use the properties of a dependency

graph built on the observed tasks.

Definition 7. The dependency graph I'(t) = (V, E') of a set of random variables t =
(t1,...,t,) is such that:

e the set of vertices V equals {1, ...,n},
e there is no edge between ¢ and j if and only if ¢; and ¢; are independent.

Definition 8. Let I' = (V, E) be an undirected graph with ' = {1,...,n}. A set
C = {(C},w;)}s_,, where C; C V and w; € [0,1] for all j, is a proper exact fractional

cover [94] if:
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w(C)=k=3

Figure 4.2: lllustration of the concept of a graph cover. Nodes with the same color
correspond to the same subset in the cover.

e for every j all vertices in C; are independent,
[ ] UjCj = V,
o foreveryic V. 3" wlicc, = 1.

The sum of the weights w(C) = Zle w; is called the chromatic weight of C and k is

called the size of C.

By adopting ideas from chromatic PAC-Bayesian bounds [77], we obtain the following

generalization of Theorem 1]

Theorem 12 (Theorem 4 in [72]). Let (T,9) be any task environment, P be any fixed
hyper-prior distribution, I" be the dependency graph of the observed T tasks and C be
any proper exact fractional cover of I' of size k. Then for any 6 > 0 the following holds

with probability at least 1 — § uniformly for all hyper-posterior distributions Q:

a(@) < s(Q) L Tv\v/(ﬁC)Tn KL(Q||P) + %ﬁzp@gm(@t(ﬂ S|P+
T +8log2/6 +/w(C)(1+8log2/d+ 8logk)
ST/ + S/T . (4.24)

The form of inequality (4.24) is exactly the same as of inequality (4.10) for the i.i.d.
case. The only difference is the presence of the weight of the fractional cover C in the
terms, corresponding to the task environment level, i.e. those coming from bounding the

difference between erp and erp. In particular, now these terms converge to zero as the
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number of the observed tasks T grows as /w(C)/T, compared to 1/v/T for the i.i.d.
case. Thus, the weight of the cover represents the amount of the dependencies among
the observed tasks and can be used to quantify its effects on the convergence rate. The
fastest convergence is obtained by using a cover with minimal chromatic weight, x*(T"),
which satisfies the following inequality [94]:

1<el) <x*"(T) <A +1, (4.25)

where ¢(I') is the order of the largest clique in I' and A(I") is the maximum degree
of a vertex in I'. In the extreme case discussed before, where all the observed tasks
are actually the same, the dependency graph is fully connected and its weight is 7.
This results in the corresponding terms not converging to zero, which confirms the
intuition that observing the same problem again and again does not increase the
knowledge about the whole task environment. In the opposite case, when the tasks are
actually i.i.d., the weight is one, because the dependency graph contains no edges and
inequality transforms into (4.10). Thus Theorem[12]is a strict generalization of
Theorem [11]

Next we discuss what can be learned when the observed tasks are not identically
distributed. In particular, we consider a situation when the task environment is allowed
to gradually change: every new task ¢ + 1 is sampled from a distribution ©,,; over the
tasks T that can depend on the history of the process. In such setting the previously
explored idea of automatically inferring a prior does not seem reasonable anymore,
because such prior or, analogously, inductive bias in Baxter's works characterizes a
task environment and models similarity between the tasks from the same environment.
In contrast, in case of changing environments one would prefer to be able to model the
change. For this we propose to learn a transfer algorithm that produces a solution for the
current task based on the corresponding sample set and the data from the previous task.
More formally, we assume that the learner has access to a set A of learning algorithms
that produce a posterior distribution @, for task ¢ + 1 based on the training samples
S; and S;,1, and its goal is to identify an algorithm in this set that can be successfully

applied to the next observed task.

For a task ¢ and an algorithm A € A we can write the corresponding expected and
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empirical errors:

erp (4) = E B ((ha).y), @s(4)=E - Ze (4.26)
where Q; = A(S;, Si—1). Thus, the goal of the learner can be reformulated as to find A

that minimizes ery,; given the history of the observed T tasks.

Note that if the task environment would change arbitrary over time, there would be no
relevant information to the future in the observed tasks. Thus, one has to assume some
regularities in the environmental changes in order to be able to benefit from transferring
information from the previous tasks to the new ones. In particular, we assume that the
expected success of every algorithm in the considered set .A does not change over time.

In other words, every A € A is associated with a value er(A):

{Et—]E;7Et}[ert(A) | B, ..., Eio] = er(A), (4.27)

forevery i = 2,....T + 1, with E, = (9, Dy, S;). Note that while the left hand side
of depends on t, er(A) does not. This indicates that the quality of every considered
transfer algorithm is assumed to be the same throughout the learning process. Note also
that this is a natural assumption in a sense that if the performance of every algorithm
would be allowed to change over time arbitrary the learner could end up in a situation
where an algorithm that perfectly works on the observed sequence of tasks shows poor
performance on the new ones. However, one could argue that assumption is too
strong. It seems sufficient to assume that the algorithm that leads to (close to) optimum
performance remains the same over time, while assumption also implies that its

(and every other algorithm’s) expected error does not change.

In order to be able to identify an algorithm A € A with minimal er(A) in a principled
way, we develop an upper bound on er(A) that consists only of computable quantities
and holds uniformly in A and thus can be used to guide the learner. For this we adopt
the construction with hyperpriors and hyperposteriors: we define P as a hyperprior
distribution over the set of possible algorithms A and let O be a possibly data-dependent

hyperposterior. The quality of the hyper-posterior Q and its empirical counterpart are
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given by:
er(Q) = AIEZQ er(A), (4.28)
T
Q)= E —— > éig(4). (4.29)

Now we can formulate the corresponding generalization bound:
Theorem 13 (Theorem 7 in [/2]). For any hyperprior distribution P and any 6 > 0 with

probability at least 1 — § the following holds uniformly for all Q:

(@) < @(Q)+ YT KL(QIP) + 23 B KL@IR)

(T = 1)Vn = a~0
(T'—1)+8log2/d 1+2log2/57 (4.30)
8(T — D)/n o0/T — 1

where P,, ..., Pr are some reference prior distributions that should not depend on the

training sets of subsequent tasks.

As all previously discussed lifelong learning generalization bounds (given by Theo-
rems 10} [T1][12), the right hand side of contains two types of complexity terms -
one corresponding to the level of the changes in the task environment and task-specific
terms. The difference is that the first one converges as 1/y/T — 1 because instead of

individual tasks in this setting the learner operates on pairs of subsequent tasks.

In order to illustrate how inequality can be used to learn a transfer algorithm
we consider a toy example (Figure , where X = R?, Y = {—1,1} and the change in
the environment between two steps is due to a constant rotation by ¢, = ¢ of the feature
space. To further simplify the problem we assume that every task environment contains
only one task, i.e. every ©, is a delta peak. We also assume that the learner uses
linear classifiers, h(x) = sign(w, z), and 0/1-loss, ¢(y1,y2) = [y1 # y2], for solving every
task. For the set of transfer algorithms we use a one-parameter family of algorithms A,
(a € R) that given two sample sets Sprev and Seyr, first rotates Spey by the angle o, and
then trains a linear SVM on the union of both sets. An elementary calculation shows that
condition is fulfilled, thus we can use the bound as a criterion to determine

a beneficial angle.
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Figure 4.3: lllustration of three learning tasks sampled from a non-stationary environ-
ment. Shaded areas illustrate the data distribution, + and — indicate positive and
negative training examples. Between subsequent tasks, the data distribution changes
by a rotation. A transfer algorithm with access to two subsequent tasks can compensate
for this by rotating the previous data into the new position, thereby obtaining more data
samples to train on.

As before, we set posterior and prior distributions to be Gaussian:

Qi = N(wiaIQ)a P = N(O, ). (4.31)

Similarly, we set the hyperprior distribution P to be a zero-mean Gaussian, however,
we increase its variance to 10 such that all reasonable angles « lie within one standard
deviation from the mean. For the hyperposterior Q we select A/(6, 1) and thus the goal
is to determine the best 6. By plugging all these definitions into the bound and

applying the standard combination of tricks we obtain the following objective function:

VT —Dn+1 ¢ R Hth Yt (wy, )
760) = 5 tri 2\ o a Zq’( ) e

By optimizing J(6) using 7" = 2, ..., 11 tasks with n = 10 samples each, one obtains
rotation angles that on average lead to the test error of 14.2% for the (7" + 1)th task. As
expected, this approach is more effective than not transferring any information from
the previous tasks (which leads to the error of 15.0%), but not as beneficial as rotating

always by the optimal angle of & (which leads to the error of 13.5%).
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4.2 Lifelong learning with weighted majority votes

Theorems (12| and [13] in the previous subsection show that the assumption that the
observed tasks, as well as the future ones are sampled i.i.d. from a task environment
can be relaxed. However, they still employ the notion of task environment. From the
technical point of view, the concept of a task environment is a natural extension of the
i.i.d. generative model used to analyze traditional single task learning. Essentially it
just adds another level of randomness to the system and, as it is pointed out in the
discussion in [14], this process can be continued by adding a third level and so on. On
the other hand, motivation for lifelong learning often comes from the human education
process and the human ability to exploit knowledge acquired from previously learned
concepts for solving new problems more effectively. In this respect, modeling learning
tasks as a random sample from an unknown distribution seems to be less natural. In
particular, human education, which is often used to illustrate lifelong learning, is a highly
organized process where new concepts are introduced gradually and their order is
believed to optimize the effectiveness of the learning process. Presumably if students at
school would study subjects in a random order, it would have negative effects. Thus,
possibly, a task environment is not always the best way to model a lifelong learning
system. Moreover, such a model results in a quality measure of the learner that is its
performance in expectation over all tasks in the environment (see equation (4.1)) and
the corresponding generalization bounds provide guarantees in terms of this quantity.
However, in some situations good performance in expectation may not be sufficient.
Imagine an autonomous robot that encounters different problems during the course of its
life: failure on a single task may cause a robot to break and thus end up with, potentially
expensive and time-consuming, repair. Finally, the theoretical analysis that employs
Baxter’s model relies on the assumption that at every time step the learner has access to
all training examples for all previously observed tasks. This allows us to formulate a joint
optimization problem. For example, Theorem [10[leads to a multi-task generalization of
the standard empirical risk minimization approach. However, in practice it seems unlikely
that an autonomous agent will be able to keep all this information. Therefore, there is
clearly a need for an alternative streaming model of lifelong learning that (1) provides

guarantees for every observed task, (2) does not make distributional assumptions on
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the task generation process and (3) requires storage of only a compact description of

the previous tasks, for example, only the corresponding learned hypotheses.

A few attempts have been made to progress in this direction. In domain adaptation
it was previously argued for keeping only limited information from previously observed
tasks [48]. A way to provide performance guarantees for every task in the multi-task
setting was demonstrated in [18]. However these guarantees are a consequence of the
employed relatedness assumption that implies that all the tasks have the same expected
error. The first analysis of lifelong learning under streaming model was recently provided
by Balcan et al. [11], where the authors concentrate on the case of learning linear
classifiers. They propose an iterative algorithm that maintains a set of base predictors
learned from previous tasks. For every new task it first attempts to learn it within the
span of base predictors and, if that fails, learns a new linear predictor which is then
added to the base set. Under the assumption that the tasks share a low-dimensional
representation the authors demonstrate that the proposed method leads to sample
complexity reductions compared to solving each task in isolation. However, their analysis
relies also on the assumption that the marginal distributions for all tasks are isotropic
log-concave and it is stated as an open problem whether this can be extended to other
types of distributions. In this section we will discuss what kind of guarantees can be
obtained for streaming lifelong learning with arbitrary marginal distributions. These

results were published in "Lifelong Learning with Weighted Majority Votes" [75].

Our main insight is to consider weighted majority votes over the base predictors
rather than their linear combinations. Apart from allowing us to consider any ground
hypothesis set #, as it will become evident later, this shift also introduces sufficient
stability to the learned base set that allows exploiting it for later tasks and that cannot
be achieved by linear combinations of linear predictors without additional assumptions
on the marginal distributions. For a set of hypothesis h4, ..., h; € H we define a set of

weighted k-majority votes as:
k
{g X = Y| Jwy,...,wp € R: g(x) = sign (Z w,hz(x)>} (4.33)
=1
and denote it by MV (hy, ..., hy).

We will focus on binary realizable case, thus every task encountered by the learner
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can be represented as a pair (D;, h}) of a marginal distribution D; over X and a de-
terministic labeling function »; : X — {—1,1} that lies in some fixed ground class
H.

As in any transfer learning case, in the streaming lifelong learning setting potential
benefits of the information transfer depend on how related the observed tasks are.
A distinctive feature of the streaming case is that the learner has access only to the
knowledge extracted from the previous tasks and thus the transfer is happening only
in one direction. Therefore we will formulate the relatedness assumption in terms of a
sequence of tasks, rather than a set (like in multi-task learning) or a task environment
(like in Baxter's model). For this we will employ the following (pseudo-)metric over the
hypothesis class with respect to a marginal distribution D:

dp(h, 1) = E [h(z) £ K (z)]. (4.34)

xz~D

Furthermore, we can define a distance from a hypothesis to a hypothesis space as

dp(h,H') = min, dp(h,h") (4.35)

and a distance between two sets of hypotheses as

dp(H,H') = I}l{leafl(dp(h,ﬂ )= max min, dp(h,h"). (4.36)

Though the latter is not necessarily a metric over subsets of the hypothesis space, it

does satisfy the triangle inequality.
Now we can formulate the measures of task diversity that we will use:

Definition 9 (y-separability). A sequence of learning tasks (D1, h),...,(D,, k%) is
~-separated, if dp,(hi, MV (h},..., hi_;)) > ~ for every i.

Definition 10 (y-dimension). A sequence of learning tasks (D, h),...,(D,, h’) has
~-effective dimension k, if the largest y-separated subsequence of these tasks has

length k.

Definitions [9] and are closely related to the corresponding notions employed

in [11]: one obtains definitions from [11] by assuming the ground class H to be linear and



62

substituting weighted majority votes by linear combinations. However, this substitution
leads to significant differences in the nature of the used complexity measures. In the
case of linear predictors and their linear combinations small a dimensionality of the
sequence is a relaxation of the often used assumption that the predictors for the tasks lie
in a low-dimensional subspace. And, in addition, the order of the tasks is not important -
shuffling the tasks does not increase the dimensionality of the sequence. In contrast,
for weighted majority votes the order of tasks is of crucial importance. Indeed, the same

set of tasks may have different dimensionality depending on how the tasks are ordered.

One intuitively advantageous scenario for a streaming lifelong learner is when
throughout the course of learning most of the time information obtained from the
observed tasks is sufficient for solving the current one. We formalize this intuition by
saying that the ~-effective dimension k of the observed sequence of tasks is relatively
small for a sufficiently small . This assumption is a relaxation of the relatedness
assumption employed in [27], which states that there exist & hypotheses such that every

task can be well explained by one of them.

In addition, we will need that the discrepancy between the marginal distributions of

different tasks is small with respect to the ground hypothesis set #:
discy(D;, D;) = max |dp,(h, k') —dp,(h, h')|. (4.37)
h,h'€H

Note that linear predictors together with an assumption that the marginal distributions for
all tasks are isotropic log-concave, employed in [11], imply that the above discrepancy
between any two tasks is zero. Since we do not make assumptions on the parametric

form of the underlying data distributions, we need to control the discrepancy explicitly.

Algorithm (3| provides the pseudocode for the proposed procedure. It takes as input
a set of 5 parameters: a fixed, ground hypothesis class #, the total number of tasks
in the sequence 7', an upper bound on the y-dimensionality of the task sequence &
and accuracy and confidence parameters € and §. The algorithm maintains a set of
base hypotheses h,, ..., 71,;. At the beginning this set is empty and the first task is
solved within the ground class # using a training set S; large enough and the obtained
hypothesis g; becomes the first element of the base set. After that for every new task

the algorithm first attempts to solve it using a weighted majority vote over the set of
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Algorithm 3 Lifelong learning of majority votes
: Input parameters H, T ke d
setd =6/(2T), € =€/ (8k)
draw a training set S; from (Dy, h}), s.t. Ay := A(VC(H), ', |S1]) < €
g1 = arg minyey Ls, (h)
setk=1,h=¢n
fort=2to7 do
draw a training set S; from (D;, h}),
st A, = A(VC(MV(hl,..., i), 05 15) < 55

Noaonrwbn 2

------
9: if é}St (gt) + éi'st (gt) : At + At > ¢ then

10: draw a training set S; from (D;, h}), s.t. Ay:=A(VC(H), ', |S]) <€

11: g = argminjey 6ts, (h)

12: setk=k+1, hj =g
13:  end if
14: end for

15: return ¢,,...,9r

base predictors collected so far. If it succeeds, it moves to the next task. Otherwise it
learns the task using the ground hypothesis class and adds the resulting predictor to

the base set.

An alternative way to look at the proposed method is to focus on the case when the
ground class H is the set of linear predictors. Then the algorithm can be seen as a way
to construct a neural network with sign() as the activation function. Indeed, in this case
each base hypothesis is a node in a hidden middle layer or, in other words, a feature in
the feature representation of the constructed neural net. When a new task is observed,
it is either learned using the current representation, i.e. task-specific weights for the
last layer are learned, or a new node is added to the middle layer and thus the feature

representation is extended.

While this paradigm is very natural, the main challenge is to accurately select the
internal parameters. In particular, one has to control the error propagation, since every
task is solved based only on a finite training set. This is ensured using the results of

Theorem 2| by choosing the training sets S; large enough so that

VC(#H,)log(|Si]) + log(1/0")
|5l

A; = AVC(H,), 8, |Si]) = C

is sufficiently small, where, depending on the situation, #; is either the ground class H

or the set of weighted majority votes over the current base set. In addition, it is important
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to ensure that the algorithm does not search over the, potentially large, ground set H
too often and thus may lead to sample complexity reductions over solving every task
independently. In fact, the key component of the proof of the following theorem is to
show that throughout the course of learning at most & tasks would not be solved as

majority votes over earlier tasks:

Theorem 14 (Theorem 2 in [75]). Consider running Algorithm|[3 on a sequence of tasks
with ~-effective dimension at most k and discy(D;, D;) < £ for alli,j. Then, if v < ¢/4
and k¢ < €/8, with probability at least 1 — o

e The error of every task is bounded: erp, »:(g:) < e foreveryt =1,...,T.

e The total number of labeled examples used is O (M) :

Algorithm 4 Lifelong learning of majority votes with unkown horizon
: Input parameters H, e, d
setd; =4d/2, ¢, =¢€/16
draw a training set S; from (D, ht), s.t. A(VC(H), 61, [|S1]]) < €]
g1 = arg minyey €ts, ()
setk=1,h=n
fort=2to 7 do
setl = Uogtj m = |logk + 1]
set 6, = pis, € = 5o
draw a training set S, from (D,, h¥), s.t. A(VC(MV (hy, ..., hz)), 6, |1S:]]) < €/40
10: g = argming,c v, iy €, (1)
1. if érg,(g:) + Vérs, (g:) - A+ A > ethen
12: draw a training set S; from (D, h;), s.t. A(VC(H), o, ||St]]) < €,
13: g = arg minyey etg, (h)

e B R L R A B

©

14: setk=Fk+1, hy = g
15:  end if
16: end for

17: return g,,...,gr

An important aspect of Algorithm [3|is that its internal parameters depend on the
task horizon T and complexity k. In practice, however, one would expect both of
these parameters to be unknown to the learner. By slightly modifying the method (see
Algorithm |4) using the doubling trick one can avoid this dependence at the price of

worse sample complexity guarantees that are summarized in the following theorem:

Theorem 15 (Theorem 3 in [75]). Consider running Algorithm|4 on a sequence of tasks
with ~-effective dimension at most k and discy(D;, D;) < ¢ for alli,j. Then, if v < ¢/4

and k¢ < €/8, with probability at least 1 — o
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e The error of every task is bounded: erp, n:(g:) < € foreveryt =1,...,T.

e The total number of labeled examples used is O (M) :

Theorems [14] and [15] quantify the intuition that if most tasks in a sequence are
well learnable by weighted majority votes over the previously observed tasks, then the
proposed streaming lifelong learning method will lead to sample complexity reductions.

Indeed, learning every task independently using the ground class has the total sample

0, (M) , (4.38)

€

complexity

since by the assumption every task is realizable by the ground class. In contrast, the
complexities of Algorithms [3and {4/ are O <T"”++W) and O (M) respectively,
which is significantly smaller than whenever the effective dimension & of the task
sequence is much smaller than the total number of tasks 7" and the VC-dimension of the
ground class. Thus the key condition for the sample complexity improvement is a small
effective dimension of the observed sequence. Note, however, that both Algorithm
and 4| are in general not computationally efficient as they require performing ERM for

every observed task.

4.3 Conclusion

In this chapter we have discuss the lifelong learning scenario which can be seen as an
extension of multi-task learning with an additional source of uncertainty that comes from
the fact that the learner does not know what tasks he will encounter in the future. We
have illustrated this by extending the result for multiple kernel learning in the multi-task
scenario (Theorem [9)) to lifelong learning. Then we have shown how the original ideas
of Baxter [14] can be translated from the PAC to PAC-Bayesian language, which results
in Theorem [11]that can be used to develop principled lifelong learning algorithms. We
have illustrated this process for parameter and representation transfer approaches,
which resulted in PL-G and PL-L methods. The rest of the chapter was dedicated to
investigation of possible relaxations on the core assumption of many lifelong learning

analyses, which states that the observed tasks, as well as the future ones are sampled
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i.i.d. from some task environment. First, under the assumption that the observed tasks
are identically, but not independently distributed, we have shown how the amount of
the dependencies between them influences the generalization guarantees. Second, we
have shown that when the task environment is changing over time, but in a restricted way,
it is possible to learn a transfer method that would compensate for the environmental
changes. Lastly, in Section 4.2/ we have discussed a more challenging streaming model

of lifelong learning that does not make any assumptions on the task generation process.
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5 Future directions

The key aspect of all transfer learning approaches, including multi-task and lifelong
learning, are assumptions on the relatedness between the prediction tasks. Therefore it
is important to identify and explore different kinds of relatedness that could make the
information transfer beneficial. Most of the transfer methods concentrate on learning a
"good" representation, where quality of a representation is measured by its approxima-
tion ability and simplicity. Such assumptions were exploited not only for linear classifiers,
as was discussed in Section but also for neural networks [52], where shared repre-
sentation takes a form of a shared layers of a deep architecture. However, this is not the
only option. One could also think of a good representation as one that leads to "easy"
learning of every task, i.e. learning with fast rates. In this case one could use measures
of distribution "niceness" that have been shown to lead to faster convergence rates, like
Probabilistic Lipschitzness [95], as a quality measure of a learned representation. A
completely different approach to defining task relatedness was explored in [3]. There
the authors consider learning several tasks using deep neural networks under the
assumption that what makes the tasks of interest similar is not the architecture of the
network, but an optimization procedure and the proposed method aims at in inferring
optimal gradient step updates for training neural networks corresponding to different

tasks.

Probably a more general question is whether the existing models for multi-task
and lifelong learning are relevant. In particular, multi-task learning is almost always
defined as a setting where the learner is given a collection of annotated training sets for
several tasks and the goal is to minimize the average expected error over all of them.

However, as was discussed in Section [3.3]there could be some situations where not for
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all tasks of interest labeled data is available. Or, as was pointed out in [65], the average
performance might not be what one should care about. Lifelong learning is even less
well-defined area and thus it is important to identify scenarios under which information
transfer could be beneficial. Presumably, all these aspects of transfer learning depend
on the area of application. Therefore it is important to put a greater focus on modeling

problems that are considered by machine learning practitioners.
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A.1 Proof of Theorem 5

In order to prove Theorem 5| we employ the technique of covering numbers:

Definition 11. A subset A c A is called an e-cover of A with respect to a distance
measure d, if for every a € A there exists a @ € A such that d(a,a) < e. The covering

number Ny(A, ¢) is the size of the smallest e-cover of A.

In particular, we will use covers of H? = UxcxH% with respect to /., metric associ-

ated with a sample x € X(™:

d* (h,h’) = lax_ max |he () — hi(ah)]. (A1)

t=1...Ti=1...
The corresponding uniform covering number N1, (H”, €) is given by considering the

maximum covering number over all possible samples x € X' (7"

Niny(H",€) = max Ny (H,e). (A.2)

xeX(Tmn)
Using this notion we can obtain the following result:

Theorem 16. Forany e,y > 0, ifn > 2/¢%, we have that:

2
Pr{3h e H" : erp(h) > @(h) + e} < 2N 90 (H",7/2) exp (_Tge > . (A3)

Proof. We utilize the standard 3-steps procedure (see Theorem 10.1 in [4]). If we

denote:

Q={Se(xxY) T JheH": erg(h) > éeg(h)+ ¢}
R={S=(S1,S2) € (X x Y)IT" x (& x Y)"'"
Jh e H" : érs,(h) > & (h) +¢/2},

then according to the symmetrization argument Pr(Q) < 2 Pr(R). Therefore, instead of

bounding the probability of @), we can bound the probability of R.
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Let 'y, be a set of permutations o onthe set {(1,1), ..., (7,2n)} suchthat {o(¢,7), o(t,n+
i)} = {(t,9),(t,n+i)} foreveryt =1,... ., Tandi=1,...,n. Then Pr(R) < maxge yxy)r2m Pry(oS €
R).
The last step is a reduction to a finite class. Fix some S € (X x Y)2" and let
o be a permutation such that &S € R. By definition there exists h € H” such that
érg, (h) > érg (h) 4 ¢/2, where (S1,S3) = 0S:

TZ Zﬂht Towi)Yowy < 0] > 7 Z Z[[ht L) Woa < Y]+ €/2.

t=1 1=n+1 1=

Denote by x = (z!) € X (72" the X-part of sample S and let I" be a y/2-cover of H” with
respect to dX . If we denote by h the function in the cover I corresponding to h, then

the following inequalities hold:

it hy(zh)y! < %, then hy(xf)y; <~

it h(z)yl <0, then hy(zh)yt < %

By combining them with the previous inequality we obtain that:
T

1 1 1 1
fznzﬂ otun Wt %ﬂ>f252ﬂ Ve < 3] + 5

t=1 i=n+1 t=1

Now, if we define the following indicator: v(h,t,4) = [h(z!)y! < ~/2], then:

DO ™

Pr{oS € R} < Pr {aﬁ el: Z Z o(t,n+1)) —v(h,o(i,i)) >

}
}

DO | ™

hel’ 9

< |T| max Pr {? > - Z(v(fl, o(t,n+1)) —v(h,o(t,i)) >

n

T
1 1 ~ , ~ €
= ]F|maxfgr {? E - E_ lv(h,t,n+14) —v(h,t,)|8y > 5} = (%),

hel =1 =1

where j;; are independent random variables uniformly distributed over {—1,+1}. Then

{Jv(h,i,m + j) — v(h,i,7)|8;} are Tn independent random variables that take values
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between —1 and 1 and have zero mean. Therefore by Hoeffding’s inequality:

(x) < |T|exp (_W) — || exp (_Tné) |

Tn -4 8
Since by the definition || < N2, (H", ~/2), we conclude the proof of Theorem . O

By using the same technique as for proving Theorem [16, we can obtain a lower
bound on the difference between the empirical error rate érg(h) and the expected error
rate with double margin:

T

ery) (h Z yht ) < 29]. (A.4)

1

Theorem 17. Forany e > 0, ifn > 2/€%, the following holds:

2
Pr{3he H": ery (h) < &4(h) — €} < 2N(ron (H",v/2) exp (_T?;e ) . (A.5)

The last step in proving Theorem [5]is to upper bound the covering numbers, used in

Theorems[16]and [17], in terms of the pseudodimension of the kernel family K:

Lemma 1. For any set K of kernels bounded by B* (K (z,z) < B? for all K € K and all

x € X) with pseudodimension d, the following inequality holds:

4eT?*n>B? 16nB?
N =T <ol |/ ——
o (4T (s

log( een )

In order to prove this result, we first introduce some additional notation. For a sample

x = (x1,...,x,) € X™ we define [, distance between two functions as:
& (1 f2) = max | fi(z:) = fo(wi)]. (A-6)
Then the corresponding uniform covering number is:

Ny (F,€) = sup Ngx (F,e€) (A7)

xeX"™
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We also define [, distance between kernels with respect to a sample x = (xy,...,x1) €
X (T as:

DX (K, K) = max [ Ky, — Ky, |oo (A.8)

where K, is a kernel matrix associated with a sample x. The corresponding uniform

covering number is:

N(T,n) (IC7 6) = Ssup ND’O‘O (’C7 6)'

xeX(T)n)

In contrast, in [89] the distance between two kernels is defined based on a single sample
x = (1,...,x,) Of size n:

and the corresponding covering number is N, (I, €). Note that this definition is in strong

relation with ours: N1, (K, €) < Ny, (K, €), and therefore, by Lemma 3 in [89]:

2,202 4
eTnB)¢> (A10)

Nz (K, €) < Npo (K, €) < ( o

for any kernel family K bounded by B? with pseudodimension d,. Now we can prove
Lemmaik

Proof of Lemmalil Fixsomex = (xi,...,x7) € X", Define ex = €?/4n and ey = ¢/2.

Let K be an ex-net of K with respect to D*.. Forevery K € K and every ¢t = 1...T let

’;EZ}{ be an e-net of ﬁf(With respect to d%. Now fix some h € H”. Then there exists a

kernel K such that h = (hy, ..., hy) € HE. Therefore there exists a kernel K € K such
1/2

that | K, — I?Xt|Oo < e for every t. By Lemma 1 in [89] h;(x;) = Kx, w, for some unit

norm vector w, for every t. Therefore for h,(x;) K/ w; € H; we obtain that:

a3 (he, ﬁt) = miaX !ft(xf) - ilt($§)| < || (x) — ﬁt(xt)H =

K 2w, — Biui]| < \fnl Ko, — Rl < i

In addition, for every h;, € H there exists l:u € ﬁ% such that @ (h;, ]:Zt) < ep. Finally, if
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we define h — (ha, ..., l:zT) € ﬁ}( X -ee X ﬁ;f( we obtain:
d;‘o(h,:f) = max dxt (hy, l:zt) < mfmx(d;‘g(ht, he) + & (hy, ;Lt)) < \/nex +ep =€

The above shows that Hx = Uf(e,gﬁ}( X oo X 7—72 is an e-net of H with respect to x.
Now the statement follows from (A.10) and the fact that for any # ; with bounded by B>
kernel K ([89, 4]):

1682
4nB2) o2 log, (53
3 .

N (Hic ) < 2( (A11)

€

]

Theorem [5 follows from combining Theorems [16], [T7]and Lemma[i]
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A.2 Proofs of Theorems[6 and

We start with analyzing the case of the sequential multi-task learning with the task order
being fixed in advance. Without loss of generality we can consider the permutation =

being the identity and obtain the following result:

Theorem 18. For any deterministic transfer algorithm T A, any deterministic learning
algorithm A, any prior distribution P and any § > 0, the following inequality holds with

probability at least 1 — § over the training sets S, ..., Sy of size n each:

d log 1/6
ern(Q) < @s(Q) + 7= SOKL@uIIP) 4 =+ 20 ()
where
Qr = A(S, ) (A.13)
P fort=1
P , (A.14)

TA(Sl,...,St_l) for t > 2

Proof. We start with Donsker-Varadhan’s variational formula [28] to change the expec-

tation over posteriors (Q1, ..., Q1) to the expectation over priors (P, P, ..., Pr):

(KL(Ql X Qrl|| Py x "'XPT)

> =

erp(Q) — ers(Q) <

X -
P
+log hl]ElP1 TNPT exp <f Z erp,(hi) — ergt(ht))>> . (A.15)

t=1

This inequality holds for any A > 0.

Note, that by construction P, may depend on Sy, ..., S;_1, but does not depend on
Sy, ..., St. Therefore:

A o R
o B, K, exp (f; erp, (he) erst(ht))> = (A.16)

A . A ~
B, Bep (lerny(h) = s () +; B, E oxp (7 eron(ir) — Gis, (1))
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Fix some hy € H. Then we can rewrite the last term of (A.16) in the following way:

exp (e, ), () ) = TTexp (s (eno, (hr) — sl ) A1

t=1

Since the data points in St are i.i.d., all terms in this product are independent and take

A hr)—1
values between 22z )"0

obtain that the last term of (A.16) is bounded by a constant:

d )\erDT (hr

an — ). Therefore, by Hoeffding’s lemma [38], we

5, Eexp (7 (eroy(ir) — sy () ) < o )

8T2n

By repeating the same procedure for all other tasks we obtain that:

T
A N A2
- — < — .
Sl.EsT hllgpl o hTIEPT P (T tzl(erDt(ht) erst(ht») = &P (8Tn>
Therefore, by Markov’s inequality, with probability at least 1 — o:

A . 1 \2
hlIEPl .. .hTIElPT exp (T g (erp,(ht) erst(ht))) <5 exp <8Tn) (A.18)

t=1

By combining (A.18) with (A.15) we get:

A 1 A 1
erp(Q) < ers(Q) + KL (Q1x -+ x Qr||PL x -+ x Pr) + S~y logd.
By setting A = T'y/n we obtain the final result. O

Note that Theorem[18|can be applied to any, fixed in advance order of tasks. Thus, if
we apply it to every task order (of which there are T'! many) with confidence parameter

§/T" and combine the results using the union bound argument, we will obtain Theorem 6]

In exactly the same way one can prove an analog of Theorem[18]for the sequential
multi-task learning with multiple subsequences for the case when the task order and the
set of flags are fixed in advance. In order to obtain Theorem[7|one can use the same
union bound argument, but with confidence parameter §/((27)7), because there are
more possible subsequences then sequences on T’ tasks, but there are not more than
2111 < (27T of them.
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A.3 Proof of Theorem

Forany I = {ty,...,t}, any assignment C' = (cy,...,cr) With ¢; € I and any h; by

Proposition ] the following inequality holds:

T T
% Z erp, (he,) < % Z erp,, (he,) Z disc(Dy, D.,) Z Atey - (A.19)
t=1 t=1

We continue with upper-bounding the expectations on the right-hand side of the above

inequality by their empirical counterparts.
1. Bound 1 Zt , disc(Dy, D)

We start with the discrepancy terms. Note that we only need to upper bound the
discrepancies between pairs of labeled and unlabeled tasks. This is because the la-
beled tasks are assigned to themselves and thus the corresponding discrepancies are
zero. Therefore there are only T — k non-zero components. In order to control them
we use Proposition [2] and a union bound argument. As a result we obtain that with

probability at least 1 — 6/2 uniformly for all assignments C"

T T
1 , 1 , 2T — k) \/Qd log(2n) + log(472/4)

— < = . .

T E_ dise(Dy, D,,) < T 521 disc(St, Se,) + T - (A.20)

2. Bound + Y, erp, (he,)

Next we bound the error term and do it in two steps. We introduce an intermediate

quantity % 3"/, étsu (he,), where:

S (hy) = Ze (hy(x (A.21)

which can be seen as a training error if the learner would receive labels for all n points for
every of the selected tasks. The key observation is that the assignment C' can depend
only on the unlabeled data, while the hypotheses /., can depend on the labels as well.

The two-step procedure of going through the %ZL etsu (he,) allows us to isolate the
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effects of these two sources of randomness.

2.1 Relate 5"/ erp,, (he,) to £ 3, &gy (he,)

Because the choice of the assignment C and of the hypotheses h; depends on the
unlabeled data, we need a bound that holds simultaneously for all possible C' and h;.
For that we apply Theorem [{]to each task and use a union bound argument. As a result
we obtain that with probability at least 1 — §/4 for all assignments ¢ and all hypotheses

h., the following holds:

% S e, (1) < - Z s \/2dlog(en/d) N \/log(4T/5)' (A22)

n 2n

2.2 Relate )", &gy (he,) 10 73,2, éig (he,)

Fix the unlabeled samples S}, ..., S%. This uniquely determines the chosen tasks
I and the assignment C' = (¢4, ..., cr), S0 the only remaining source of randomness is
the uncertainty which subsets of the selected tasks are labeled. Analyzing this would be
rather straightforward if the labeled points, S!, were sampled i.i.d. from S (i.e. randomly
with replacement). This is not the case, however, since we assume that exactly m
points are labeled, i.e. S! is sampled from S* randomly without replacement, and this

introduces dependencies between the elements.

For notational simplicity we pretend that exactly the first k tasks were selected, i.e.
I ={1,...,k}. The general case can be obtained by changing the indices in the proof
from1,... ktoy,...,ix. FOreveryt =1,... k define p;, to be the number of times it

appears in the assignment C.

To deal with the dependencies between the labeled data points we first note that any

random labeled subset S! = (5i,..., 5 ) can be described as the first m elements of a

? TI’L

random permutation Z; = (2, ..., 2%) over n elements that correspond to the unlabeled

sample S, i.e. 5% = (7},7}) = (x;;-_,y%). With this notation and writing Z = (71, ..., Zx)
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and ((h, 2}) = ((h(z}),7;) we define the following function:

1
®(Z) = sup & gu (he,) — g (he,)) = (A.23)
hiyeshg T ; ( ¢ S )
1< 1< 1
=D pi|= D)= 0. A.24
hls’u}zlk T g Di (n leg(htu Z]) m ]Zlg(ht; Z])) ( )

In order to establish a large deviation bound for & we use McDiarmid’s inequality
(Lemma([10) for martingales.

2.2.1 Construct a martingale sequence

For this, we interpret Z = (z1,z1,...,2") as a sequence of kn dependent variables,
211, - - -, Zkn- FOr the sake of notational consistency we will keep using double indices,
with the convention that the sample index, j = 1, ..., n, runs faster than the task index,
i=1,...,k. Segments of a sequence will be denoted by upper and lower double indices,
210 = (21, Zij+1), - - - 2) forij <27and 27 = 0 otherwise. We now create a martingale

sequence using Doob’s construction [29]:
Wi; = E{®(Z)| =) }. (A.25)

where here and in the following when taking expectations over Z it is silently assumed
that the expectation is taken only with respect to variables that are not conditioned
on. Note that because of this convention, the expectations in (A.25) is only with
respect t0 z(j41), - - -, 2kn, SO €ach W;; is a random variable of zy1, ..., z;. In particular,
Woo = Ez ®(Z) and W,,, = ®(Z), and the in-between sequence is a martingale with

I‘eSpeC’[ to 211y -+ 3 Rkn-

E{ Wylz{ " } =E{ E{2(2)| 21} 227 " } =E{@(D)|5) " } = Wiy (A26)

2.2.2. Compute an upper bound on the coefficient R?

Let: € {1,...,k} and 7 € {1,...,n} be fixed and let # = (m,...,m) be specific
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permutations of n elements for which we use the same index conventions as for Z. By

o and 7 will denote elements in 7, |, i.e. ¢ and 7 do not occur in any of the first ;

positions of the permutation x;. Then

i(G=1)y _ i(G=1) _ (=1 —
TZJ(WH )= sup { Wiz =Ty , %ij =0}
TEM 1)
. f W J 1) i(j—1) -
n { ij - =T s Ry = 0}
A<z 9tk

1(J+1)

= sup sup | E {0(r{ V.o, - B {e(nif >T,zfg+1))}]. (A.27)

Ueﬁz(yﬂ) Te”z(wl) L(7+1> z(J+1)

To analyze (A.27) further, recall that:

E {0, 0,27,))}

1(]+1)

n i(j—1 i(j—1
N Z 7T11 T Z(J“)) X Pr( Z(J+1) - 7TZk(J+l) 21(1] ) = 771(1j ) Nzij=0 ),

Z(]+1)
where here and in the following we use the convention that sums over parts of & run
only over values that lead to valid permutations. Because the permutations of different

tasks are independent, this is equal to

1 i(j—1 1
= Z 7711j ) (H—l)) x Pr( 2 (]+1) = 7T G+1) ‘Z Y = 7TZ§J "A zij =0)

1(J+1)

X Pr(zgf;;l)1 = wmm) (A.28)

We make the following observation: for any fixed 7/ and any = ¢ =, we can

into a sum over all positions where 7 can occur, and

rephrase a summation over 7,

a sum over all configuration for the entries that are not 7:

LTS S Sl S, (i wip ) (A.29)

in 7 1
Ti(G+1) I=5+1 1& )ﬂ—z(l+l)
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for any function F'. Applying this to the summation in (A.28), we obtain

1 in 1 i(j—1
Z (I)(Trl(lj ) ) T, 7T(J+1))Pr( z(g+1) 7T( |211] ) = Wiij )/\Zij =0)

kn
TiGG+1)

-1 n
x Pz = 7(an) Z > > ¢ (mi .0, zém)) T i)

l=j+1 _i(1-1) rkn
i+ :(]+1) i(l41)

X PT(Z'((J'H)) = 72((3 )) A Zk(l-i—l) = 7Tk(z+1) 31(1J ) = 7T1(1] " A 25 =0Nzg =T)

n i(j—1) iW(J—
X Pr( (z—l—l)l 7T(¢+1)1) = lN[]JEn IIZE ¢(Z|Z1(1] = 7T1(1] R zg=0Nzy=1), (A.30)
J+

where U}, , denotes the uniform distribution over the set {j + 1,...,n}. The analogue

derivation can be applied to the quantity in line (A.27) with o and = exchanged.

For any Z denote by Z%< the permutation obtained by switching z;; and z;. Then,

due to the linearity of the expectation:

i(j—1)

rig(mi V) =sup E E|®(Z) — (27| 0D — 07— =T1)|. (A31)
o, +1

From the definition of ® we see that ®(Z) — ®(Z%<") = 0 when j,l € {1,...,m}

or j,l € {m+1...,n}. Since ! > j in (A.31) this implies r”(wl(f 1)) =0forj €

{m+1,...,n}. The only remaining cases are j € {1,...,m}andl € {m+1,...,n}, for

which we obtain

B(2) - (27 < sup = pi ;( (i, 25) + Ul ) < 25 (A.32)

1y <5
hi,...,hg

where for the first inequality we used that sup /' — sup G < sup(F — G) for any F,G,
and for the second inequality we used that ¢ is bounded by [0,1]. Consequently,

rij(my ) < =2 2 in this case. Therefore

i 1«
S D) DUl ey o et zpz

i=1 j=1 j=1

(n—m)?

: >
T°m(n —0.5)(n —m —0.5) ="
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Now from Lemma [10] we obtain that with probability at least 1 — §/4:

1| , [log(4/9) n—m
°2) = () = We— Wi < 1| Yot o (As0)

=1

2.2.3 Bound Ez ®(Z)

The main ingredient here is Lemma/[T1] First we rewrite ®(Z) in the following way:

B(Z) = 7Y suppi(Gis(h) — g () = - > @i(2),

®;(Z) = sup mp;(ersu(h) — erg(h)).
h K2

Note that even though H can be infinitely large, we can identify a finite subset that
represents all possible predictions of hypotheses in # on S} U --- U Si:. We denote their

number by L < 2" and the corresponding hypotheses by h!, ..., ht.

Leti € {1,...,k} befixed. Define a set of n L-dimensional vectors, V; = {v;1, ..., vin},

where for every j € {1,...,n}:
vy = | pil@sp(h) = €M), 0),s s po(@sn(RE) — CRM ), )| (A34)

With this notation, choosing a random subset S! ¢ S* corresponds to sampling m

vectors from V; uniformly without replacement.

Let U; = {w;,. .., uy} be sampled from V; in that way. Then

O,(Z)=F (zm: uj> , (A.35)

where the function F' takes as input an L-dimensional vector and returns the value of
its maximum component. We now bound E, ®;(Z) by applying Lemma [T1] because by

Lemma|12 F(z) is a convex function:

&=

E®,(2)=E F(iuj) <

Z
j=1 !

=t

(5] oo
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Switching from the U; sets by the U; sets in ® corresponds to switching from random
subsets S! to random sets S; consisting of m points sampled from S! uniformly with

replacement. Therefore we obtain

E®;(Z) = Ecp(sl)g ®;(S,), (A.37)

7

(_I}x

which allows us to continue analyzing E; ®,(7) in the standard way using Rademacher
complexities and independent samples. Applying the common symmetrization trick and

introducing Rademacher random variables o; we obtain:

D;(S;) < QIEsupE:UjpZ h(x ;),y;)

7j=1

We can rewrite this using the fact that ((y, ') = [y # '] =
S i) )yJ 1 S i i
Igsgpz;ajpif(h(xj EsupZajpz = §I§sgp;—ajyjpih(xj).

Since —a;y; has the same distribution as o;:

where A = {(h(z}),...,h(x!)): h € H}. According to Sauer’s lemma (Corollary 3.3
in [66]):

A< (2" (A.38)
At the same time:
lalls = | D_(h(z))* = v/m. (A.39)

Therefore, by Massart’s lemma (Theorem 3.3 in [66]):

]E sup Z a;pil( < \/de log(em/d). (A.40)
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By applying this result for all : we obtain:

k k k

1 1 ~ 1 [2d1og(em/d)

- E . < = E (Q) < — E N Bttt <2 Stid adA
IECD(Z) Tm — IECDZ(Z) — Tm ?MSZ) - T bi m

=1"" i=1

_ /2dlog(em/d). (A41)

Therefore we obtain that for fixed unlabeled samples S}, ..., S% with probability at least

1 —¢/4 for all choices of h,, ..., he:
T T
1 . 1 . 2dlog(em/d)
— o (he,) < he, = A
=D Gt (he) < D g, (e .

1| , [log(4/0) n—m
+? 21% 2m .\/(n—0.5)(n—m—0.5)‘ (A-42)

Theorem [g| follows by combining inequalities (A.19), (A.20), (A.22) and (A.42).

A.4 Proof of Theorem

As in the proof of Theorem[8, we bound the multi-task error by the errors on the source
tasks, and transition to empirical quantities while keeping the effect of random sampling
controlled. However, the steps will be more involved, since we now require the bounds

to be uniform also in the (continuous) weights «.

1. Obtain an analog of (A.19)

We start with establishing an analog of (A.19) for the case of multi-source transfer.

Fix a subset of labeled tasks I = {iy, ..., i}, a task (D, f;) and a weight vector o €
Al Let hi € arg minyey(ery(h) + er;(h))[[] Writing ¢(h, &) as shorthand for £(h(x), k' (z)),

'If the minimum is not attained, the same inequality follows by an argument of arbitrary close
approximation.
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we have

|erg(h) —ery(h)| = ‘ Z a;er;(h) — ert(h)‘ < Z a;| er;(h) — ery(h)] (A.43)

i€l el
<> (}eri( — E ((h, hy) | +] E ((h, 1) — & ((h, hy)| (A.44)
i€l !
+|ery(h) — E . (D, 1) ) (%) (A.45)

We can bound each summand:
ler;(h) — EL(h,h})| <er;(h*) by the triangular inequality for ¢

x~D;

\ EDZ(h, hi) — E ((h,h)| < disc(D;, Dy) by the definition of discrepancy

x~Dy

exy(h) — E £(h, b )| < er(h}) by the triangular inequality for ¢

mNt

Therefore,

Z a;(er;(h}) + disc(D;, Dy) + ery(h)) Z a;( Ny + disc(D;, Dy)). (A.46)

i€l ey
Consequently, assuming that every task t has its own weights o' we obtain that:
1 <& 1 E 1z L
T .

We continue with bounding every expectation on the right hand side of (A.47) by its

empirical counterpart.
1 T :
2.Bound %", | >, ol disc(Dy, D)
As in the proof of Theorem [8, we apply Proposition [2] to every summand and com-

bine the results using a union bound argument. We obtain that with probability at least

1 — /2 uniformly for all choices of 7 and o!,...,aT € Al:

1 — . 1 — L 2dlog(2n) + log(412/5)
=D aldise(D, D) < D0 aldise(S;, S) +2 a |

t=1 1€l t=1 el
(A.48)
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3. Bound 1 3"/ er,(hy)

Now we upper-bound the error term in two steps, analogously to the proof of The-

orem[8l
3.1 Relate L 57 ero:(hy) to L7 6 (Ry)

We start with relating the multi-task error to the hypothetical empirical error, if the

learner would receive labels for all examples in the selected labeled tasks:

5 = = BN i i
éta(h) =Y oibigu(h) for éigu(h) = - > U(h(zh), fi(xh). (A.49)

i€l j=1
Clearly, if m = n this part is not necessary and we can avoid the resulting complexity

terms.

Because the choice of the tasks to label, I, their weights, a = (a!,..., o), and the
predictors, h = (h4, ..., hr), all depend on the unlabeled data, we aim for a bound that
is holds simultaneous for all choices of these quantities, under the condition that 7 and
a depend only on the unlabeled samples, while h can be chosen based also on the

labeled subsets.

Our main tool is a refined version of McDiarmid’s inequality, due to Maurer [56]
(Lemma[13), which allows us to make use of the internal structure of the weights, «,

while deriving a large deviation bound.

Forany S = (S}, ..., S%) define:

T T
US)= swp s s 23S alfen(h) - as(h)  (AS0)

I={i1,ir} ot aneA hayohe 4T T

= supsupsup g(a,h,S) (A.51)
I o h

for

gloh,8) = (in > " al(eri(hy) — £(ho(ah), ﬁ(x;)))) . (A.52)
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For notational simplicity we will sometimes think of every S} as a set of pairs («,y!),
where y! = fi(z!). To apply Lemma.we establishaboundon A 4(S) =3, >, (¥(S)—
‘I/z](S)) , with

\I[U<S) = inf sup Sl}llp g<avh7 S \ {(l’;,y;)} U {(l’,y)}, (A53)

(xay) «

i.e. the possible smallest value for ¥ when changing only the data point (x§,y§). Let
a*, h* be the point where the sup in the (A51) is attained] i.e. ¥(S) = g(a*, h*,S).
Then:

Wyi(8) > inf (o', 1", 8\ {(#5,)} U {(,9)} ) (A54)
and therefore
U(S) — W;(S) < g(a*,h*,S) — inf g(a*,h*,S\{(wé,y§)} U{(z,9)}) (A.55)
1 T 1 T
(s T—; ) 5) + Ly (x),y) < T—n;aft, (A.56)

where for the last inequality we use that ¢ is bounded in [0, 1]. Because also ¥(S) —
U,:(S) > 0, we obtain

n T n T 2
Apu(S) =2 > (U(S) = wy(8))* <} Tinz (Z a#) (A.57)
_1 iz o - = = -
< (; ;a?> ==, (A.58)

(remember that >, a; = 1 for any o € A’). Therefore, according to Lemmawith
probability at least 1 — §/4:

2 4
U(S)<E ¥(S)+ Elog—

- (A.59)

1If the supremum is not attained the subsequent inequality still follows from an argument of arbitrarily
close approximation.
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To bound Eg ¥(S) we use symmetrization and Rademacher variables, o;;:

EWU(S)=E sup sup sup ZZ( Z (er;(hy) — E(ht(x;),y;))) (A.60)

S 5 I ol oTeAl b i=1 j=1 t=1
T n T
O L
< 2EEsu su su LN “all(hy(2h), Yt A.61
<opEap s ppzz(Tz (et yﬂ) A1)
T T n T
1 0ij 0 i i
<2EE — sup ZZJ—ZE(ht(xj),yj) (A.62)
S0 T atehh 2 L —
T n
O Ols . .
< ] T % .
<2EE sup) ) = =Hh().9) (A.63)

where line is obtained from line by dropping the assumption of a common
sparsity pattern between the «a-s. Note that the function inside the last sup is linear
in o € A, therefore sup, can be reduced to the sup over the corners of the simplex,
{(1,0,...,0),...,(0,...,0,1)}. At the same time, by Sauer’s lemma, the number of
different choices of h on S is bounded by (eEn)d. Therefore, the total number of different
choices in is bounded by T’ (e’le)d. Furthermore, for any choice of « and h, the
norm of the T'n-vector formed by the summands of is bounded by 1/4/n, because

n n

ZZ (%M( ) %ZZ(@if(h(ﬂcé),yi))Z (A.64)

=1 j=1

3

2
1
< — (Z al) (A.65)
n 7j=1 =1
Therefore, by Massart’s lemma:
2(log T 1 T
E SUPZZ Uzlaz )< \/ (Og +jﬁog<€n /d)) (A66)
=1 j5=1

Combining (A.59) and (A.66) we obtain that with probability at least 1 — §/4 simulta-

neously for all choices of tasks to be labeled, I, weights a and hypotheses h:

n

T
(log T'+ dlog(enT’/d)) 2. 4
T Z ergt(hy) < = Zerat (he) + \/ + - log 5 (A.67)
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3.2 Relate L 57 Gioe(hy) to LS, G (hy)

Fix the unlabeled samples S}, ..., S%. This uniquely determines the chosen tasks
I and the weights o, ..., a’ € Af, so the only remaining source of randomness is the

uncertainty which subsets of the selected tasks are labeled.

For notational simplicity we pretend that exactly the first k& tasks were selected, i.e.
I ={1,...,k}. The general case can be obtained by changing the indices in the proof

from1,... ktoi,..., 1.

To deal with the dependencies between the labeled data points we first note that any
random labeled subset S! = (5¢,..., 5! ) can be described as the first m elements of a
random permutation Z; = (2}, ..., z") over n elements that correspond to the unlabeled
sample S, i.e. 5 = (74,7)) = (x’i,y’v). With this notation and writing Z = (74, ..., Zx)
and ((h, 2}) = ((h(Z}),7;) we deflne the following function

®(Z)= sup — eryt(hy) — €t (h A.68
(Z) hw]iT Z t) (he) ( )

m

k T n
w7 1 Za?(%z (he, 2}) Ze(ht,z;)). (A.69)

J=1

Our main tool is McDiarmid’s inequality (Lemma[10) for martingales.
3.2.1 Construct a martingale sequence

For this, we interpret Z = (z{,z1,...,2") as a sequence of kn dependent variables,
211, - - -, Zkn- FOr the sake of notational consistency we will keep using double indices,
with the convention that the sample index, j = 1, ..., n, runs faster than the task index,
i=1,...,k. Segments of a sequence will be denoted by upper and lower double indices,
2 = (2ij, Zij+1)s - - -» 7) forij <ayand z7 = 0 otherwise. We now create a martingale

sequence using Doob’s construction [29]:
Wi = E{(D( )| 211 (A.70)

where here and in the following when taking expectations over Z it is silently assumed
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that the expectation is taken only with respect to variables that are not conditioned
on. Note that because of this convention, the expectations in is only with
respect t0 z;(j41), - - ., 2kn, SO €ach W;; is a random variable of zy5, ..., z;. In particular,
Woo = Ez ®(Z) and W,,, = ®(Z), and the in between sequence is a martingale with

I’eSpeC’[ to 211y oy Rkn-

E{ Wylz{ "} =E{ E{2(2)| 21} &2/ " } =E{@(@)|5) " } = Wi (ATY)

3.2.2 Upper-bound R2

In order to apply Lemma [10 we need an upper bound on the coefficient R? defined

there.

Leti e {1,...,k} and j € {1,...,n} be fixed and let w = (7, ..., m;) be specific
permutations of n elements for which we use the same index conventions as for Z. By
o and 7 will denote elements in 7, |, i.e. o and 7 do not occur in any of the first j
positions of the permutation x;. Then

1 1 i(j—1
Tza(ﬁ(l] )): sup { Wi 211] ) = 7T1(1j )> zij =0}

TET 1)

— inf { Wy =AY, 2 =)

TEML 1)

i(j+1)
oET ) TET ) %41 Zi(j+1)

= s swp | B {0V 02 - B (el n k)] (AT2)
To analyze (A.72) further, recall that:

E {(I)(7Tl1 ‘77 sz(?+1))}

(J+1)

1 n 1 i(j—1
= Z 7T11] ) k(]—i-l)) X Pr( (J+1) kg+1 |Z1J )= 7T1(1j " A zij=0),

’L(J+1)

where here and in the following we use the convention that sums over parts of 7 run

only over values that lead to valid permutations. Because the permutations of different
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task are independent, this is equal to

=Y omi Vol (A.73)
TG
i(7—1 i(7—1 n
X Pr( zji 1) = i1 2V = al Y Az =0 ) Pr(ef 21 = )

We make the following observation: for any fixed 7/ and any = ¢ 7'/, we can rephrase a

in
summation over m;. .,

all configuration for the entries that are not =

) into a sum over all positions where 7 can occur, and a sum over

Z Z(J+1 Z Z Z 218;1) T=W§5+1)) (A.74)

in = 1 z(l 1) rin
Ti(j+1) =i+ Ti(i1) i)

for any function F'. Applying this to the summation in (A.73), we obtain

i(j—1 i(j—1 i(j—1
Z q’(ﬁ(f ) ) 0, 7Tz(j+1))Pr( (]+1) 7T ]-‘rl |Z(j )—Wzéj )/\Zij =0)

kn
Ti(j+1)

kn 1) i(l_l) kn
x Pr(z(fia = m(i) Z Z Z o, i1y T Tifi)

= 1 z(l 1)
TG Ml

i(l—1 l —1 i(j—1

X Pr(zéﬁl)l = Wéﬁ_l)ﬁ = (I% E <I>(Z|z1j 2 ﬂ(lj_l) Nzij=0Nzy=T),

where U7, , denotes the uniform distribution over the set {j + 1,...,n}. The analogue

derivation can be applied to the quantity in line (A.72) with o and 7 exchanged.

For any Z denote by Z“*" the permutation obtained by switching z;; and z;. Then,

due to the linearity of the expectation:

ry(miy ) =sup {, B E{@(Z) - @@ = mi 2 = 0,20 = 7). (ATS)
From the definition of ® we see that ®(Z) — ®(Z¥ <) = 0when j,l € {1,...,m}orj,l €

{m+1...,n}. Since [ > j in (A.75) this implies r;;(r'? ") = 0forj € {m+1,...,n}.
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The only remaining cases are j € {1,...,m}andl € {m+1,...,n}, for which we obtain

(D<Z)_(I)(ZUHZZ S SUP _Z&_ - ht7 ])+€<htazl

-----

s\'*

where for the first inequality we used that sup ' — sup G < sup(F — G) for any F, G,
and for the second inequality we used that ¢ is bounded by [0,1]. Consequently,
ry(mid )y < nem L ST otin this case. Therefor

— n—j Tm

m o k T 2
22 ri(m s — ; ( — 7;‘) ; (2 a?;) (A.76)
1 < ’
< T ; (;a> . (A.77)

3.2.3 Upper-bound Ez ¢(Z)

The main tool here is Lemma([i1] First we rewrite ®(Z) in the following way:

1 T k 1 T
:T;S%P;aﬁ(&slu(h)—&sl :T_Z:
k
®,(Z) = sup Y mal(ig(h) —g(h)).

h =1

Note that even though #H can be infinitely large, we can identify a finite subset that
represents all possible predictions of hypothesis in H on S} U --- U Sit. We denote their

number by L < 2*" and the corresponding hypotheses by h', ..., ht.

Lett e {1,...,T} be fixed. Forevery i € {1,...,k} define a set of n L-dimensional

vectors, V! = {v!,,... v }, where for every j € {1,...,n}:

ofy = [al(en(hh) = eh'(w), 4))). . al(en(h?) — (i), y) ] (AT8)

With this notation, for every i € {1,...,k} choosing a random subset S! C S* corre-

sponds to sampling m vectors from V;* uniformly without replacement.

'We generously bound Tjj_’; < 1 in this step. By keeping the corresponding factor in the analysis one

(n=m)

obtains that the constant B in the theorem can be improved at least by a factor of =05 —m—05) "
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Foreveryi e {1,...,k}, letU; = {uq,...,u} be sampled from V}" in that way. Then

k m
=F (Z u]> , (A.79)

where the function F' takes as input an L-dimensional vector and returns the value of its

maximum component. We now bound E, ®,(Z) by applying Lemma([{1]x times:

Bo(z) = E, P(Y i i) (A.80)
~~~~~ & = =
=0 EU ;}E[F(klzm:uijZm:u ) "-aUk—1:| (A.81)
~~~~~ k-1 | Uk pu

By Lemma([12] F(z) is a convex function. Thus F(const+ x) is also convex and we can

apply Lemma [f 1] with respect to Uy.

k—1 m m
< Ul,--{EUk_1 5 |: < - 2; U + Z uk]) U17 R Uk*l] (A82)
i=1 j
where Uy = {uy, . .., urn} is @ set of m vectors sampled from V! with replacement.
k=1 m m
Uty U —1,U, P =

(55| s

Note that writing the conditioning in the above expressions is just for clarity of presenta-

tion, since the Uy, ..., U, are actually independent of each other.

Switching from the U sets by the U sets in & corresponds to switching from random
subsets S! to random sets S; consisting of m points sampled from S* uniformly with

replacement. Therefore we obtain

E®(Z)= E Pu(S1- S < B (S, S), (A.85)
S
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which allows us to continue analyzing E; ®,(Z) in the standard way using Rademacher
complexities and independent samples. Applying the common symmetrization trick and

introducing Rademacher random variables o,; we obtain

dy(Sh, ..., Sk <2EsupZZJUoz€ )

i=1 j=1

We can rewrite this using the fact that ¢(y,y') = [y # v'] = =

%

]EsupZZaw H(h EsupZZaw i)yj

=1 j=1 zl]l

Esup Z Z azjy’ath

=1 j=1

Since —o;;y} has the same distribution as o;;:

sup Z Z oijaij(h

a(heA = =

l\:)li—

where a;;(h) = ofh(z}) and A = {a(h) : h € H}. According to Sauer’s lemma (Corollary
3.3in [66]):

ekm\ °
|A\§< g ) ) (A.86)

At the same time:

kK m
lall2 = J S alh(a))? = vimy| S (el (A87)

i=1 j=1 i=1
Therefore, by Massart’s lemma (Theorem 3.3 in [66]):
k

kK m
I([::sgp; g G l(h(xh), yh) < % Z(af)Z -v/2dmlog(ekm/d). (A.88)

=1
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By applying this result for all ¢ we obtain:

- 1 <
- DYZ) < — > Ed,(S A.89
Z +( Tmtz;é +(S) ( )

T'm —
1 & b . 2dlog(ekm/d)
S DINPICHE J e (A.90)

t=1
Combining (A.77) and (A.90) with Lemma [10]we obtain that for fixed unlabeled samples
Sy, ..., S% with probability at least 1 — §/4 for all choices of hy, ..., hy:

T T
1 1 N 1 2dlog(ekm/d log(4/0
P30 < 5 3t + oy 2RI L o)
By further combining it with (A.67) we obtain that the following inequality holds uniformly
inhy,...,hy € H with probability at least 1 — /2 over the sampling of the unlabeled train-
ing sets, S¥, ..., S%, and labeled training sets, (S!);c, provided that the subset of labeled
tasks, I C {1,...,T}, and the task weights, o, ..., o’ € A!, depend deterministically

on the unlabeled training only.

T
2dlog(ekm/d) 1 log(4/0)
Zeraf (h) = 5 30 ol 2 oplehmfd) | Loy, flos0/)
log T’ 1 T 2 4
+\/8(Og +dnog(6” /d)>+\/ﬁlog5. (A.91)

The statement of Theorem [9] follows by combining (A.47) with (A.48) and (A.91).
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B Proofs of theorems in Chapter 4
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B.1 Proof of Theorem

As in the proof of Theorem [5] we will use the technique of covering numbers to obtain
Theorem [T0] However, in this case we will need covers of the kernel family K with
respect to a probability distribution. In particular, for any probability distribution D over
X x ), we denote its projection on X by Dx and define the following distance between
the kernels:

Dp(K,K)=max{max min E |h(z)—}'(z)|, max min E |h(z) —}'(z)|}. (B.1)

heH i hIE/HR z~Dx h’GHI'{ heHkg t~Dx

Similarly, for any set of T" distributions D = (Dy, ..., Dr) we define:
Dp (K, K) = max Dp, (K, K). (B.2)

The minimal size of the corresponding e-cover of a set of kernels K we will denote
by Np, (K, ¢€) and the corresponding uniform covering number by by N7 (K,€) =
..... pr) Nog (K, €).

Now we proceed similarly to the way Theorem is proved by first obtaining a

generalization bound in terms of the defined above covering numbers.

First, note that for a set of 7" data distributions D = (D,..., Dr) the following

inequality holds true:

Pr{Se (X x )" I K eK:erp(Hx) > éi§(Hk) +¢} <
Pr{Se (X xY) ™ 3heH":erp(h) > éig(h) +e},

where
T

1 .
erp(Hx) = 2:3 Juf B Iyh(z) < 0] (B.3)
Thus, by exactly following the proof of Theorem [16/one can obtain that:

€

2

T 2
Pr {HK €K erf*(Hy) — @(Hy) > }< 2N (7om) (HT, 7/4) exp (— e ) . (B.4)

32

Therefore the only thing that is left is a bound on the difference between erg(H ) and

er%(HK).
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We will use the following notation:

erp(My) = inf (I,END[[h(x)y < 0],

X .
erp(Hi) = inf B lh(z)y <Al

and proceed in a way analogous to the proof of Theorem[16] First, if we define:

Q={D=(Dy,...,Dy): FHg: erp(Hx) > er)(Hx) + €}
R={D = (Dy,D3): FHk : erp,(Hx) > er}, (Hk)+€/2},

then according to the symmetrization argument Pr(Q) < 2 Pr(R).

Now, if we define I'sr to be a set of permutations o on a set {1,2,...,27T}, such that
{o(t),o(T+t)} ={t, T+t}forallt =1...T, we obtain that Pr(R) < maxp Pr,(¢D € R),

if "> 2/¢2. So, the only thing that is left is a reduction to a finite class.

Fix D = (Dy,D,) = (Dy,..., Dyr) and denote by K C K a set of kernels, such that

for every K € K there exists a K € K such that:
er), (Hi) +¢/8 > et} (Hz) > erp,(Hi) —¢/8 ¥t =1...2T. (B.5)

Then, if Fx is such that
erp, (Hi) > er], (Hk) +€/2,

then the corresponding K satisfies
er%/j(Hf() > erff(?—tk) +€/4.
Therefore:
~ 1
Pr{cD € R} < Pr {EIK eK: Z(erw2 (HK) — erz)/f(t) (Hi)) > 6/4} <
1 T
% 2
|| max Pr {T Z(erzj/jﬂt) (Hk) — er%/o(t) (Hk)) > 6/4} =

Kek @

T
- 1
K| max Pr {? S lery (M) — er (Hae)| B > 6/4} = (%),
€
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where (; are independent random variables uniformly distributed over {—1, +1}. There-
fore {| er}{fﬂ (Hk) — er])/f(’H x)|B:} are T independent random variables that take values

between —1 and 1 and have zero mean. Therefore by applying Hoeffding’s inequality

o < Kfesp (<210 ) = Rl (-5 ). ®.6)

we obtain:

Now we show that || can be upper bounded using covering number N(p o)

Lemma 2. For any set of probability distributions D = (Pi, ..., Pyr) there exists K that
satisfies condition of equation[B.58 and |K| < Np ar(K, e7/16).

Proof. Fix a set of distributions D = (D;, ..., P»y) and denote by K an e7y/16-cover of K
with respect to Dp. Then |K| < Npar) (K, ey/16). By definition of a cover for any kernel
K € K there exists K € K such that Dy (K, K) < ey/16. Equivalently, it means that for
every K € K there exists & € K such that the following two conditions hold for every
t=1,...,2T":

IVheHx W eHz: E (|h(z)— W (z)]) < =, (B.7)
(z,y)~Dy 16

oW €My IheHx: E (hlx)—H()|) < L. (B.8)
(x,y)~Dt 16

Fix some K and the corresponding kernel K from the cover and take any D,. By
Markov’s inequality applied to the first condition we obtain that for every h € Hy there
existsa b’ € Hj suchthat Pr{(x,y) ~ D; : |h(z)—h'(x)| > v/2} < ¢€/8. Then er},/f(h’) <
ery, (h) 4 €/8. By applying the same argument to the second condition we conclude
that for every h' € # ; there exists a h € Hy such that Pr{(z,y) ~ D; : |h(x) — I/ (z)| >
v/2} < ¢€/8. Thenerp,(h) < er'gf(h’)qte/& By definition of infinum in er%}t(HK) for every §
there exists i € Hy such that ery, (Hx)+d > erp, (h) > er}, (Hk). By above construction
for such h there exists i’ € H; such that erj, (h) > er]ff(h’) —¢/8 > er}/f(’i-lg) —€/8.

By combining these inequalities we obtain that for every § > 0:
er),(Hi) + 38 > ery (Hi) — /8,

or, equivalently:
or), (Hi) > o)) (Hg) — /8.
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Analogously we can get that
er)) (Hi) > erp,(Hi) — /8.

So, we obtain condition (B.5). O

By combining the above Lemma with we obtain the following result (the second

inequality can be obtained in a similar manner):

Theorem 19. Forany e > 0, if T > 2/¢2, the following holds:

T 2
Pr{3K e K: erp(Hk) > er%(?‘[}() +e} < QN(D72T)(’C,€’}//16) exp (—3—62) ,

T 2
Pr{3K € K: x3 (i) < erp(Hac) ~ €} < 2Nan (K, ex/16)exp (55 ).

Now we need to bound covering numbers Np 1) in terms of the pseudodimension of

the kernel family .

Lemma 3. There exists a constant C' such that for any kernel family KC with pseudodi-

mension d, such that K (x,z) < B* forevery K € K and every z € X:

Npay(K.€) < (CT%@ (B/e>17>d¢. (B.9)

The proof this result is based on the following lemma that connects sample-based

and distribution-based covers of kernel families:

Lemma 4. For any probability distribution D over X x Y and any B?*-bounded set of
kernels IC with pseudo-dimension d,, there exists a sample x of size n = cd, B° /€ for
some constant ¢, such that for every K, K if DX(K, K) < €/2, then Dp(K, K) < € (where
Dx is the same as Dp, but all expectations over D are substituted by empirical averages

over x).
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Proof. Define G = {g L X = [0,1] 2 g(2) = @@ for some b, b € UKG,C”HK}. Then
(using Lemma 2 and 3 in [12] and Theorem 1 in [89]):
Pr{x € X" 3K, K : |DX(K,K) — Dp(K, K)| > 6/2} <
el
5 =

> E/ZB} <

Pr {X € X™ 3h, b € UHk : Z|h x;)—h' ()] - E D|h($) — h'(z)|

o) x
Z 9() = E )

32
4max N (E/ .G, dx> —e*n/512B°2 < 4max N

Pr{xeX”: dg,¢d' € G :

x —€en/512B% _
g (64B UHx/B, d) c

dmax N(e/64, UHy, d¥)?e < m/5125" < 4maXN(e/64 Uy, d5)2e=<n/5125°

IN

log( Gi:8E )

_ 2 2
o~ n/512B?

2

26142
4-4-N(K,e*/(64% - 4n))* - (M)

€

cen

16 21 ens B? 216n B2 log( )e—e%/szQ — (#%)
€2d, €2 B

For big enough n (xx) is less than 1, which means that there is a sample x € X" such
that for all kernels K, K we have |D¥(K,K) — Dp(K, K)| < €/2. More precisely, n

should be bigger than cd} B®/¢” for some constant c. O
Now we can prove Lemma 3]

Proof of lemmal3. Fix some set of probability distributions D = (D, ..., Dr). For every
D, denote a sample described by Lemma [4|by x,. Let K be an ¢/27-cover of K with
respect to DY, where x = (xy,...,xp) € X" and n = cd,B°/e’. Then the following

chain of inequalities holds:

—_— < <
max min ZZM 7h)] m]?xmlth( x) —h(x)| <

heHK heH P
1 ~ 1 1 ~ 1 ~ ~
max|[Kéw — Kwl| < K3 - zHQs\/qu—Kxuzg¢Tn|Kx—Kx|oo.

Consequently, by Lemma 3 in [89]:

_ 35 22\ 4o 17\ %
K| < N(e/2T, K, D¥) < (%) _ <CT5dg <§> > (B.10)
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. ltis left to show that K is an e-cover of K with respect to Dp,. By definition, for every
K € K there exists K € K such that D¥(K, K) < ¢/2T. Therefore forevery t = 1...T:

€

_ < — —.

L Z ) = ()] < o yain Z ) = Kl <3
Consequently, by Lemma , Dp,(K,K) <eforallt=1,...,T. O

The statement of Theorem [10] follows from a combination of equation (B.4), its

equivalent in the opposite direction with Theorem[19/and Lemmas [{]and [3]
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B.2 Proof of Theorem 1]

To prove Theorem [{1] we introduce an intermediate quantity that can be seen as an

expected multi-task risk:

@n(Q) = B3 E B (h(x).y) (B.11)

First we will bound the uncertainty on the task environment level by bounding the
difference between the expected lifelong error, er5(Q), and expected multi-task error on
the observed tasks, érp(Q). Then we will bound the uncertainty within observed tasks
by bounding the difference between érp(Q), and its empirical approximation, érg(Q).

Our main tool in both cases will be the following lemma.

Lemma 5. Let f be a random variable taking values in A and let Xi,..., X, be |
independent random variables with each X, distributed according to j.; over the set A;..
For functions g, : A x A — [ak, bx], k=1...1, let&(f) = Ex,~u, 9x(f, Xi) for any fixed
value of f. Then for any fixed distribution = on A and any X\, > 0 the following inequality
holds with probability at least 1 — o (over sampling X1, ..., X;) for all distributions p over
A

l
k=1

l
1 A2
MZ@ ;gk(h,Xk) <3 (KL p||T) + §Z (b — ax,)? log5> :

Proof. We start in a standard way by applying the change of measure inequality to

9(f) = S &) = Sy g (f. X0)"

l

£ (360~ St <

k=1

> =

(KL(pr) +log E eA9<f>) : (B.12)

Note, that l
= [T expOM&(F) = ge( £, X0))), (B.13)
k=1

since for any fixed f the factors are independent. This allows us to apply Hoeffding’s
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lemma to each factor:

l

)\2
E .- E M < 2 b — an)?). B.14
Xi~p XLNMG exp ( 8 ;( F ak) ) ( )
By taking the expectation over f ~ 7 we obtain
)\ l
E E -.- E MUK =N (- : B.15
frmXi~p XzNMle b < 8 ; K ak ) ( )

Since 7 is fixed and does not depend on X;,...,X;, we can exchange the order
of expectations. By applying Markov’s inequality with respect to expectations over

X1, ..., X; we obtain that with probability at least 1 — 4:

N !
log fIEWe 9 < < Zkzl(bk —ay)? —logd. (B.16)
We obtain (5) by combining and (B.12). O

In order to bound the difference between erg (Q) and érp(Q) we treat each task ¢ with
the corresponding training sample S; as a random variable and apply Lemma[5] Formally,
wesetp=Q,m="P, X, = (t,,Sp), | =T, f = P and g,(f, X)) = Thl% . I)EDkl(h(x),y)
and apply Lemmawith A =+/T. Since a;, = 0 and by, = + we obtain with probability at

least 1 — §/2 that for all Q

era(Q) < i(Q) + = (KLQIIP) + § ~ log ). (B.17)

To bound the difference between érp(Q) and érg(Q) we apply Lemma 5 to the union
of all training samples S’ = J;_, S.. We set p = (Q,Qs,...,Qr), 7 = (P, P,..., P),
Xy = (2t yh), L =Tn, f = (P h,...,hr) and gy(f, Xi) = 7=0(h,(2l),yt). In this setting
ar = 0 and b, = 1/(Tn), Lemmalg|with A = T'y/n yields that with probability at least
1—90/2forall Q

1 1 log 6/2

The statement of Theorem [{1]follows by a union bound from (B.17) and (B.18).

(B.18)
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B.3 Proof of Theorem 12

We will prove Theorem [12|in the same way as we proved Theorem In particular,
note that conditioned on the observed tasks the corresponding training samples are
independent, therefore we can reuse a step from the proof of Theorem|[11]that bounds
the difference between the expected multi-task risk érp(Q) and the empirical error
érs(Q) with probability at least 1 — 4:
Gin(Q) < @s(Q) + 7= (KL<QH7> + Z £ KL(Q/P, st>||P>) Tl
(B.19)

To bound the difference between erp(Q) and érp(Q), however, we need a different

argument that would take into account dependencies between the observed tasks:

Theorem 20. For any fixed hyper-prior distribution P, any proper exact fractional cover
C of the dependency graph I" of the observed T tasks of size k and any 6 > 0 the

following holds with probability at least 1 — § uniformly for all hyper-posterior distributions

w(C)(1 —8logd + 8logk)

Ve (B.20)

Proof. By Donsker-Varadhan’s variational formula:

k
erp(Q) — éip(Q) = > W@E’é) E WEFC) ZC (t%t) erp, (Q)) — erp. (Q;) < (B.21)

=1

k

ZW(Q";) T (KL(QIP) +log E_ (QXP/\ ul Z B erp, (Q1) — erp, (QJ)). (B.22)

j=1 ieC ]

Since the tasks within every C; are independent, by Hoeffding’s lemma [38] for every

fixed prior P, we have:

A w(C) Aw(C)?|Cy]
= E — (Q:) | < - ). (B.2
(I)Ecp< Y B e @) em(@z)) <ew () @29
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Therefore, by Markov’s inequality with probability at least 1 — ¢; it holds that:

log INE exp( T .GEC,(tPEét)erDt(Qt) erDl(QZ)) 5 log ;

Consequently, we obtain with probability at least 1 — Z?Zl d;

k
> I(U;JM KL(Q|[P)+log E_exp ~— == AW (Z E e, Q) — ern, (@ ))) < (B.24)
J St)

k k k
wj C)\G;| Wi
1 ;. B.2
; w(c L(Ql[P) g 8T2 ; w(C)x, 8% (B.25)
By setting A\, = --- = )\, = ,/% and 9; = ;&0 we obtain the statement of the

theorem. ]

By combining (B.19) with Theorem [20] we obtain the statement of Theorem [12]

B.4 Proof of Theorem13

Similarly to the previous section, we first bound the difference between erg(Q) and

multi-task expected error given by:

1 T
&'D(Q) = AINEQ ﬁ Z €I'p, (A) (826)
t=2

The following theorem is a slight modification of the argument used to prove Theorems 1]
and 12k

Theorem 21. For any fixed hyper-prior distribution P with probability at least1 — § the

following holds uniformly for all hyper-posterior distributions Q:

WKL(QXQZX.'.XQTHPXPQX"'XPT)

(I'—1)+8logl/é
8(T—1)y/n

erp(Q) < érsg(Q) +

(B.27)
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where P,, ..., Pr are some reference prior distributions that do not depend on the train-
ing sets of subsequent tasks. Possible choices include using just one prior distribution
P fixed before observing any data, or using the posterior distributions obtained from the

previous task, i.e. P, = Q;_1.

Proof. By applying KL-inequality we obtain:
~ ~ 1
Gin(Q) — is(Q) < X(KL(Q X Qo X X Qpl|P X Py x - x Pr)+
A — 1 &
A S AWM
log AIE:PhQIE:PQ e hT]E:PT P <T -1 Z ((x,yI)ENDf(ht(x)’ v) n ;E(h(xl), y’))>>

Due to independence of any prior P, from the consequent sample sets S,, ..., Sy, we
obtain that:

E E E ... E folhy,S1)---- fr(he, St) =

S1,.sS7 AP ha~Ps  hp~Pr

EE E Ef(hS)... E IEfT(hT,ST),

A~P Sl h2~P2 Sz TN T T
where
Fulhe, i) = L( E  ((h(z),y) — — Zz (ha(x ) (B.28)
’ T —1 (z,y)~Dy

Due to Hoeffding’s lemma, boundness of the loss and the fact that training samples
are i.i.d., the following holds:

)\2

ST~ T 1)2n>. (B.29)

E fr(hr, Sr) < exp (

Therefore:

)\2

m) (B.30)

.. <
GE, E E ... E falheS)--- -+ frlhr, Sr) < exp (

By using Markov’s inequality and setting A = (7' — 1)y/n we obtain the statement of the

theorem. Note, also, that the KL-term in this theorem can be simplified:

T
KL(Q X Qs x - X Qrl|P x Py x - x Pr) = KL(Q|[P) + > E KL(Q|P).
t=2
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To complete the proof of Theorem |[13| we need to bound the difference between
er(Q) and érp(Q). We start with proving the following result which is similar to Lemma 2
in [85]:

Lemma 6. Let X;,..., X, € Q be a sequence of random variables and g : 2 — [0, 1] be
a function such that E[g(X;)| X1,..., X;—1]| = b;. Let Zy, ..., Z, be independent Bernoulli

random variables such that E[Z;] = b;. Then for any convex function f:

E[f(9(X1), .-, 9(Xu))] S E[f(Z1, ..., Zn)]. (B.31)

Proof. Any point x = (x4, ...,z,) € [0, 1] can be written as a linear combination of the

extreme points v = (v,...,v,) € {0,1}" in the following way:

T = Z (H((l —z)(1—v) + xg@)) V. (B.32)

ve{0,1}n \i=1

Therefore by convexity of f we have that:

OESY (H(u —a)(1—w) + xiyl-)) f). (B.33)

ve{0,1}n \i=1

By taking expectations on both sides we obtain that:
E f(g(X1), ..., 9(X,)) <

& [ > (H((l —9(X))(1 = vy) +g(Xi)yZ-)> f(y)] —
Y lve{o,pr \i=1

E [ = g(x) (@ = i) + g(Xi)wi) | flv) =
ve{o,1}n ! Li=1 |
B [T =g(x))(1 =) +9(Xi)Vi)\Xle] fv) =
ve{o1yn X1 i=1 |
> XIE'A (1:[((1 —9(Xi) (1 —v) + Q(Xz')Vz')) X
ve{0,1}n 1 i=1

E[(1— g(X))(1 - 1)+ g(Xn>ui|X?-1]} f) =

n
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E

n—1
1

(1:[((1 —9(Xi))(1 —vi) + g(Xi)Vi)> X

ve{0,1}n =1

(1= ba)(1 = 1) + b)) f(0) = ...
> <H((1 —b)(1—v;) + biVi)> flv) = E[f(27)).

ve{0,1}n !
L]

We proceed by using techniques from [85] in combination of those from [77], resulting

in the following lemma:

Lemma 7. For any fixed algorithm A and any X\ the following holds:

El,.E,ET exp ()\ (er(A) — % ZerDt(A)>> < exp (ﬁ) . (B.34)

Proof. First, define X, = (E,_1, Ey) fort =2,...,Tand g : X; — erp,(A) and b = er(A).
Then:

exp <)\ (er(A) - % ZerDt(A>>>

t=2

= exp (% (Z (b—g(Xy) + Z(b - Q(Xt>)>>

even t odd ¢

< S exp (TQ—fl S (b - g(Xt>>) + 5o (TQ—fl Z(b—gm)) . (B3Y)

event odd ¢

Note, that both, the set of X;-s corresponding to even ¢ and the set of X;-s corresponding
to odd ¢, form a martingale difference sequence. Therefore by using Lemma [g] (or

similarly Lemma 2 in [85]) and Hoeffding’s lemma [38] we obtain:

LB, e (—ff P> 0- g(Xm) = (B.36)
2) 4\
El,.IE.:,ET exp (ﬁ (%:t(b - Q(Xt))> < exp (m) ~ (B.37)

Together with inequality this gives the statement of the lemma. O
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Now we can prove the following statement:

Theorem 22. For any hyper-prior distribution P and any 6 > 0 with probability at least
1 — ¢ the following inequality holds uniformly for all Q:

1 1+2logl1/d
KL(QIIP)++—Og/.

er(Q)SefD(Q)JFm 2T — 1

(B.38)

Proof. By applying Donsker-Varadhan’s variational formula [28] one obtains that:

er(Q) — éip(Q) < % (KL(QHP) +log E_exp ) <er(A) - ZerDt(A)>> .

For a fixed algorithm A we obtain from Lemma :
R A2
- < - ). )
El,.E,ET exp ()\ (er(A) T 1 52 erDt(A)>> < exp (Z(T — 1)> (B.39)

Since P does not depend on the process, by Markov’s inequality, with probability at

least 1 — §, we obtain

T
1 1 A2
- < = . B.4
AINEP exp A (er(A) T3 ;2 erDt(A)) < 5 exp 2T =1) (B.40)
The statement of the theorem follows by setting A = 7T — 1. O

By combining Theorems [21] and [22| we obtain Theorem[13]
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B.5 Proofs of Theorems {4 and 15

We start with presenting the following two lemmas that show how to control the error

propagation of the learned representations (sets of base classifiers).

Lemma8. LetV =MV (hy,..., hy,g) andV =MV (hy,... hs, §). Then, for any distribu-
tion D:

dp(V,V) < dp(yg,9). (B.41)

Proof. By the definition of d,(V, V) there exists u € V such that:

dp(V,V) =dp(u,V). (B.42)
We can represent u as u = sign(3>.5_, a;h; + ag) and let u; = 3% | a;h,. Note that while

all h;-s, g and g are assumed to take values in {—1,1}, u; can take values in R. Then:

dp(u,V) = mindp(u,h) < min dp(u,h)

heV he MV (u1,3)

< max min  dp(h,h) = dp(MV (uy,g), MV (uy,3)).

he MV (u1,9) he MV (u1,§)
Now we show that for any aju; + asg € MV (uy, g) there exists a close hypothesis in

MV (uy, g). In particular, this hypothesis is aju; + a»g:

dp(aiuy + aeg, aqug + ang) =

E Isign(anu (z) + azg(z)) # sign(arui () + axg(z))] =

T

E [adud(x) + ananu (2)g(x) + aranu (2)j(x) + dg(x)i(x) < 0]

Note that for every = on which g and g agree, i.e. g(z)g(xz) = 1, we obtain:

afui(x) + arazu (2)g(2) + arazu ()g(x) + azg(z)g(z)

= (quq () + ozgg(x))2 > 0.
Therefore:

dp(ain + g, anun +asg) < E Tg(z) # g(x)] = dp(g, ). (B.43)
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O

Lemma9. Let Vj, = MV (hy,...,h) and Vi, = MV (hy,. .., hy). For any distribution D,
if dp(hi, hi) < ¢; foreveryi=1,... k, thendp(Vi, Vi) < 2% e

Proof. We will prove the statement by induction on £ over a stronger statement that the
conclusion holds for Vi, = MV (w1, ..., w;, by, ..., hy)and Vi, = MV (wy, ..., w;, by, ..., hy)

for any wy, ..., w;. Note that for k£ = 1 the statement follows from Lemma g

Let V/ = MV (wy,...,w;, hy, ... hu_1,hy). Then:

dp(Vie, Vi) <dp(Vi, Vi) + dp(V[, Vi) (by triangular inequality)

<dp(hg, hi) + dp(V{, Vi) (by Lemmalg)
k—1

<er+ » e (by assuption and induction).
=1

B.5.1 Proof of Theorem

1. First, note that for every task Algorithm (3| solves at most 2 estimation problems with a
probability of failure ¢’ for each of them. Therefore, with a union bound argument, the
probability of any of these estimations being wrong is at most 2 - 7" - 6’ = 4. Thus, from
now we assume that all the estimations were correct, that is, the high probability events
of Theorem [2 hold.

2. To see that the error of every encountered task is bounded by ¢, note that there
are two cases. For a task ¢ that is solved by a majority vote over previous tasks,
we have &g, (g:) + /s, (g:) - Ar + A; < e. In this case, Equation [2.8]in Theorem
implies erp, »:(9:) < €. For a task ¢ that is not solved as a majority vote over previous
tasks, we have A, = A(VC(H),d,|S:|) < €/8k. Since task ¢ is realizable by the base
class H, we have inf,cy erp, »:(h) = 0, and thus Equation [2.10] of Theorem [2implies

erp, n(ge) < €/8k < e.

3. To upper bound the sample complexity we first prove that the number % of tasks,

which are not learned as majority votes over previous tasks, is at most k. For that we
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use induction showing that for every k < k, when we create a new h;, from the i;-th task,
we have that

dp, (b, MV (BS,,... B ) > 7. (B.44)

11?

This implies & < k by invoking that the ~-effective dimension of the sequence of

encountered tasks is at most k.

To proceed to the induction, note that for & = 1, the claim follows immediately.
Consider & > 1. If we create a new h, it means that the condition in line 9 is true, which
is:

Therefore eArslﬁ (9:.) > 0.83¢. Consequently, due to (2.9), erp, h: (gi.) > 0.67e. Finally,
; k
by (2.10), inf, erp, h: (g) > 0.5¢. Therefore there is no majority vote predictor based on
'k

hi, ..., h;_, that leads to error less than ¢/2 on the problem ;. In other words:

dp, (. MV (hy, ... h_ ) > €/2. (B.46)

Now, by way of contradiction, suppose that dDik (h;;, MV (hf

TR

-, hi ) <. By con-
struction for every j = 1,...,k — 1 dp, (hj,h;) < € < ¢/8k. By the definition of

discrepancy and the assumption on the marginal distributions it follows that for all j:
dp, (B, hy) < dp, (i, hy) + discr(Di;, Dy ) < € + €. (B.47)

Therefore by Lemma[9}

dp, (MV (h; b ) MV (b, hy)) < k(€ €). (B.48)
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Consequently, by using the triangle inequality:
dDi;;(h:fc’ MV (i, hy ) S v+ k(€ 4+6) <e/d+e/8+¢/8=¢/2, (B.49)

which is in contradiction with (B.46).
4. The total sample complexity of Algorithm 3| consists of two parts. First, for every
task Algorithm [3| checks, whether it can be solved by a majority vote over the base,

at most k predictors. VC-dimension of this class is O(k log k log(k log k)) (Lemma 10.3
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in [86]). For that it employs Theorem |2/ and therefore needs the following number of

samples:

o (Tl% log klog(klog k) log(2T/5)) -0 (T_k) . (B.50)

€ €

Second, there are at most % tasks that do not satisfy the condition in line 9 and are
learned using the hypothesis set H with estimation error ¢ = ¢/(8k). Therefore the

corresponding sample complexity is: O (W) =0 (M) .

B.5.2 Proof of Theorem 15

1. First, as in the proof of Theorem [14], we need to control the total probability of any
conclusion of Algorithm |4| being incorrect. For every task ¢t = 2,...,7 Algorithm

preforms at most two estimations. Therefore the total probability of failure is:

[log T'|

) 5 sl
I+1 o
Z (2 2)22l+2_§ 52222_

=1

6+ 22@

l\DIQ'z

1 5 6
telyTata

l\'JIOn
[\3'0')

2. Performance guarantees follow from the design of the algorithm (as in Theo-

rem[14).

3. The fact that k& < k can be proven in a way analogous to Theorem . However,
we need to make sure that for every k = 1, ..., k, by using Lemma @ we will obtain a
suitable result. In particular, by construction for every j = 1,....k —1 dDij (h;?j, Bj) <.

Therefore by Lemma [9]

dp, (MV (B

b )MV (B ) < (R =16+ ) € (B.51)

By the definition of ¢:

k)
€ € € € 1 € € €
—_ 2m+1 - — 4 = Bl T
G =16 Z ") 16+16212m<16+16 g

m=1 m=

T
L
z

<.
Il
—-
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Together with the assumption on discrepancies, this guarantees that:

dp, (MV (b, b ), MV (i) < i (B.52)

217

which is exactly what is needed to come to contradiction.

4. The sample complexity of Algorithm 4| consists of the same parts as that of
Algorithm 3]

The first difference comes from the fact that ¢’ changes over time, because the
algorithm does not know the total number of tasks. However, the smallest value it
attains is 6/(47?) and, since the dependence of the sample complexity on the § is only

logarithmic, it does not change the result significantly.

The second difference is that also ¢’ changes over time, because the algorithm does
not know the parameter k in advance. This influences the sample complexity of learning

"base tasks". In order to control it we need to control the following sum:

k 2m+4 log k] 3
> Loy~ e gm 270 10§ gum  Klog R
€ € €

Therefore the complexity of learning the "base tasks" is:

0, (M) . (B.53)

€
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C Supplementary lemmas

Lemma 10 (Corollary 6.10 in [64]). Let W be a martingale with respect to a sequence
of random variables (B, ..., B,,). Letb} = (b1,...,b,) be a vector of possible values of

the random variables By, ..., B,,. Let
r(07Y) = sup{W;: Bt = b1 B, = b} — inf{WV; : B ' =v1 B = b} (C.1)
b; i
Letr?(by) = SO0, (rs(071))? and R? = sup,, r2(b7). Then

2
I;’TI:{WTL — Wy > €} <exp (—2;) : (C.2)

RZ

Lemma 11 (Originally [38]; in this form Theorem 18 in [93]). Let {U;,...,U,} and
{Wy,...,W,,} be sampled uniformly from a finite set of d-dimensional vectors {v, ... ,ux} C

R? with and without replacement respectively. Then for any continuous and convex
function F : R? — R the following holds:

())<=l ()

Lemma 12 (Part of Lemma 19 in [93]). Letx = (x4,...,2;) € R'. Then the following

E <E (C.3)

function is convex:
F(z) = sup ;. (C.4)

1=1...0
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Lemma 13 (Theorem 1 in [96]). Let X1, ..., X,, be independent random variables taking
values in the set X and f be a function f : X™ — R. Forany = (z1,...,x,) € X" and

y € X define:

Ty = (T1, s Tho1, Yy Tty - - -, Tn)

(inf f)(z) = inf f(zy)

Apy=) (f—ff)>

i=1

Then fort > 0:

2
Pri{f—Ef >} < exp (ﬁ) | (C.5)



